TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 353, Number 1, Pages 365-390

S 0002-9947(00)02580-0

Article electronically published on September 13, 2000

DADE’S INVARIANT CONJECTURE
FOR GENERAL LINEAR AND UNITARY GROUPS
IN NON-DEFINING CHARACTERISTICS

JIANBEI AN

ABSTRACT. This paper is part of a program to study the conjecture of E. C.
Dade on counting characters in blocks for several finite groups.

The invariant conjecture of Dade is proved for general linear and unitary
groups when the characteristic of the modular representation is distinct from
the defining characteristic of the groups.

INTRODUCTION

Let G be a finite group, r a prime and B an r-block. In [7] Dade introduced
several conjectures on counting the numbers of ordinary irreducible characters in
B with a fixed defect and announced that his final conjecture can be proved by
verifying it for all non-abelian finite simple groups. The final conjecture has been
verified for 15 sporadic simple groups, the simple Tits group, L2(q) and Sz(22m+1),
and for 2G5(3%?™T1), Ga(q) (with q # 3,4) and 2D4(q) in non-defining character-
istics. The ordinary conjecture has been verified by Olsson, Uno and the author
for S,,, 2F4(22™*1) in non-defining characteristics, and general linear groups in the
defining characteristic. In this paper, we prove the invariant conjecture for a gen-
eral linear or unitary group G in non-defining characteristics. The reductions used
in this paper can also be applied to other classical groups.

In Section 1, we fix some notation, state the invariant conjecture and prove three
lemmas. In Section 2, we reduce the family of radical chains to a simple G-invariant
subfamily, central radical chains CR(G). Given an r-block B, in Section 3, we first
reduce the family CR(G) to its subfamily consisting of chains whose fixed-point
subspace of each non-trivial subgroup has the same dimension as that of a defect
group of B, then using the perfect isometries given by Broué, we reduce the final
calculation for an r-block to that of the principal block. In the last section, we prove
the invariant conjecture for the principal block using results of Fong, Srinivasan [10]
and Olsson [12].

1. DADE’S CONJECTURE AND LEMMAS

Let R be an r-subgroup of a finite group G. Then R is radical if O,.(N(R)) = R,
where O, (N(R)) is the largest normal r-subgroup of the normalizer N(R) = Ng(R).
Let Blk(G) be the set of r-blocks B of G, D(B) a defect group of B and Irr(G) the
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set of all irreducible ordinary characters of G. If H < G, then denote Blk(H|B) =
{b € Blk(H) : b¢ = B} (in the sense of Brauer).
Given an r-subgroup chain

(1.1) C.PBh<P<---<P,
of G, define the length |C| =w, Cy : Ph < Py < --- < Py, C(C) = Cq(Py), and
N(C)= Ng(C)=N(Py)NNg(P1)N---N Ng(Py).

The chain C' is said to be radical if it satisfies the following two conditions:
(a) Ph=0,(G) and (b) P, =0O,(N(Cy)) for 1 <k <w.
Denote by R = R(G) the set of all radical r-chains of G.
Suppose 1 — G — E — E — 1 is an exact sequence, so that E is an extension of
G by E. Then E acts on R by conjugation. Given C' € R(G) and ¢ € Irr(Ng(C)),
let Ng(C) and Ng(C, ) be the stabilizers of C' and the pair (C, ) in E, respectively,
so that

Ne(C,§)/Na(C) = Ng(C,§) = Nu(C,§)G/G.

For B € Blk(G), an integer d > 0 and U < E, let k(N (C), B,d,U) be the number
of characters in the set

Irr(N(C), B,d,U) = {{ € Irr(N(C), B,d) : Ng(C,§) =U}.
Dade in [7] gives the following conjecture.

Dade’s Invariant Conjecture. IfO,.(G) =1 and B is an r-block of G with defect
d(B) > 0, then for any integer d > 0,

(1.2) > (-1)°K(N(C), B,d,U) = 0.
CeR/G

Let Aut(G) and Out(G) be the automorphism and outer automorphism groups
of G, respectively. Then we may suppose E < Out(G).

Let m be a positive integer and a(m) the integer such that ro(m) is the exact
power of r dividing m. Set a(G) = a(|G|) when G is a finite group and a(y) =
a(x(1)) when x is a character of G.

Let H = H; X Hy be a direct product of two finite groups H; and Hs, and
let 7; be the natural projection from H onto H; for i = 1,2. If C € R(H) is
given by (1.1), then each m;(P;) is a radical subgroup of ﬂz;(l) Ny, (m:i(Pr)). In
general, O, (H;) < mi(P1) < mi(P2) < ... <m(P,) is not a radical chain of H;. Let
Y = {mi(FP):0 < ¢ <w} and suppose |Y| = u. Relabel the subgroups in Y

y:{QOana"' 7Qu}

such that @Q; < Qi+1 for 0 < i < wu—1. Thus Qp < @1 < ... < @, is a radical
chain of H;, which is denoted by m;(C).

(LA). Let Hy and Hy be two finite groups, n a nonnegative integer, B; € Blk(H;)
and R(B;) the subfamily of R(H;) consisting of chains C such that Blk(Ng, (C)|B;)
#0.

(a) Suppose X; C Irr(H;) for i = 1,2, and ¢ is a defect preserving bijection
between Xy and Xs. In addition, let K; = H;1S(n), and let X; 1 S(n) be the subset
of Irr(K;) consisting of all characters covering a character of (X;)™, where S(n) is
the symmetric group on n letters. Then v can be extended to a defect preserving
bijection U between X1 1 S(n) and X2 1S(n). Moreover, if T is an automorphism
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of K; for i = 1,2 such that (H;)™ = H;, ¥(n)" = ¥(n™) and y™ = y for each
n € X andy € S(n). Then 7 is compatible with U, that is, ¥(x)™ = ¥(x") for
x € X11S(n).

(b) Let H = Hy x Hy and B = By X By € BIk(H). In addition, let L(B;)
be an H;-invariant subset of R(B;), and L(B) a subset of R(B) consisting of all
chains C' such that m;(C) € L(B;) fori=1,2. Suppose U is a subgroup of Out(H)
generated by 11, ... , 7 and suppose T; = mi(7;) X ma(7;), where each w;(7;) is an
automorphism of H;. Let U; = (m;(11), ... ,mi(7)) fori=1,2. Then

CeL(B)/H

= Z (H( Z (_1)Ck(NHa‘,(C)aBiadi;Ui))>-

di+da=d “i=1 CeL(B;)/H;

Proof. (a) Let (H;)™ be the base subgroup of K; = HiS(n), and X1 = {&1,... ,&k}-
Then Xy = {¢(&1),...,¥(&)}. If x € X1 1S(n), then the restriction x|z, )» of x
to (Hq)™ is a character in (X7)". If £ € (X1)™ and m; is the multiplicity of &; in
&, then m = (mq,ma,... ,my) is called the type of £ and & has an extension §~ to
the stabilizer (H1)"S(m) of £ in Hy1S(n), where S(m) is the Young subgroup of
S(n) of type m. If ¢ € Irr(S(m)), then x = Indg}lls,,n) (£¢) € Irr(K), and each
character of X 1 S(n) is of this form. Define

W (y) = (35 e ()0,

where 9(£) is an extension of the character ¢(¢) € (X2)" whose multiplicity of
¥(&) is m;. Then U(x) € X21S(n) and ¥ is a bijection. Moreover, d(¥(x)) =
a((Hz)"S(m)) — a(y(§)) — a(¢) and d(x) = a((H1)"S(m)) — a(§) — a(¢). Thus
d(x) = d(¥(x)) if and only if

na(Hz) — a((§)) = na(Hy) — a(§).

But na(Hs) — a((€)) = X)_, myd((&;)) and na(H) — a(€) = X5, myd(§), s
VU is defect preserving. Since ©(n)” = ¢ (n7) for n € Xy and y™ =y for y € S(n )
follows that U(x)™ = ¥(x7).

(b) Given C(0) € L(B) with length s > 0, let X = X; x X3 be the final
subgroup of C(0), where X; < H;. If s > 1, then X is a radical subgroup of
NH(C(O)S_l) = N1 X N2 with X 7& OT(NH(C(O)S_l)), where X1 < N1 < H1 and
X9 < No < Hy. If s =0, then X; = O,.(H;) and we set N; = H; for i = 1,2. Let
L(C(0)) be the subset of L£(B) consisting of all chains C such that Cs = C(0). If
C € L(C(0)) is given by (1.1), then P, = Ry(t) x Ro(t) with X1 < Ry(t) < N
and Xo < Ro(t) < Nj for s < t < w. Fix a radical subgroup Y7 of Ny, (X;) with
X1 # Y7 and fix an integer u > s+ 1. Let M(C(0), Y1, u) be the subset of L(C(0))
consisting of all chains C' given above such that Ry(u) = Y7 and R;y(t) = X; for
s <t <u—1up to conjugacy in Ny (C(0)), so that we may suppose P, = Y1 X Ra(u)
and Xo < Ro(u — 1) < Ra(u). Let MY(C(0),Y7,u) and M*(C(0),Y:,u) be the
subsets of M(C(0),Y1,u) consisting of chains C' such that Ra(u — 1) = Ra(u) and
Ro(u — 1) # Ra(u), respectively. If C € M°(C(0),Y1,u) is given by (1.1) with
u > s+ 2, then

o(C):Op(H)<PA<...<Py_ o< P,<...<Py
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is a chain of R(B) and

(1.3) Nyyc0)(C) = Ny e (¢(C)).

Since 7;(C) = m;((C)), it follows that ¢(C) € MT(C(0),Y1,u — 1). Conversely,
if C is a chain of M™*(C(0),Y1,u) given by (1.1) with u > s+ 1, then

e(C):O(H)<PA<...<P,1<P<P,<...<P,
is a chain of M%(C(0), Y1, u + 1) and (1.3) still holds, where P = X7 x Ra(u). Let

(1.4)  S(C(0),vy) = ( U MO(C(O),Yl,u)) U ( U M+(C(O),Y1,u)).
u>s+2 u>s+1

Then ¢(C) is a map from S = S(C(0), Y1, u) to itself such that ¢(¢(C)) = C and
[p(O) = ICl £ 1.

Suppose x € Irr(Ngy(C), B,d) and x™ = x for some 7 € U. Then x = x1 X x2 and
7 = m1(7) X w2(7), where x; € Irr(H;) and m;(7) € U; for i = 1,2. Thus Xf"'(T) =Y
and x € Irt(Ny, (71(C)), B1,d1, Ur) xIrr(Np, (72 (C)), Ba, da, Us), where d; = d(x;)
for ¢ = 1,2. Conversely, if x; € Irr(Ng, (7;(C)), Bi, d;, U;) with di + d2 = d and if
X = X1 X X2, then x € Irr(Ng(C), B,d,U), so that

Irr(Ny(C), B,d,U)

(15) = U II‘I"(NHI(’ITl(C)),Bl,dl,Ul) ><II"I‘(NHZ(WQ(C)),BQ,dQ,UQ).
di+do=d

Since m;(C) = mi(p(C)) for i = 1,2, k(N (C), B,d,U) = k(N (p(C)), B,d,U)
and

S (—1)K(Ng(C), B,d.U) =0
CeS/Ny(C(0))

for all d > 0.

Let C € L(C(0))\(Uy, S(C(0),Y1)) be a chain given by (1.1), where Y; runs
over all radical subgroups of Ny, (X1) with Y7 # X;. Then either P, = X7 X Ra(t)
for all s <t <w or Psy1 = Z1 x X5 for some radical subgroup Z; of Ny, (X1) with
Z1 7& Xl. Let

cw=re)\ (U scon).

C(0),\1

where C(0) runs over R(B) and Y runs over all radical subgroups of Ny, (X1) with
Yi # X1

Suppose C' € L£*(B) is given by (1.1) with P, = R () x Ra(t). If R1(1) = O, (Hy),
then Ri(w) = O,(Hi), and we set v = u(C) = 0. If Ry(1) # O,(H;), then
R2(1) = O.(H3), and there exists the largest integer v = u(C') > 1 such that
Ri(u—1) < Ri(u) = Ri(u+1). Thus Re(u) = O,(Hz) and Ra(t) # Ra(t — 1) for
all u+1 <t <w,sothat Ri(t) # Ri(t—1) forall 1 <t <wand Ry(t) = Ri(t—1)
for all u+1 < t < w. Define ¢1(C) : Op(H1) < Ri(1) < ... < Ry(u) and
02(C) : Op(H2) < Ro(u+1) < ... < Ra(w). Then ¢;(C) = m;(C) € L(By).

Let C(0) € £*(B) such that «(C(0)) = |C(0)|, and let L*(C(0)) = L*(B) N
L(C(0)). Then Ny(C(0)) = Ny x Hy and Ny (C) = N1 X Np,(p2(C)), where
Ny = Ny, (¢1(C(0))) and C € L*(C(0)). Moreover, s induces a bijection between
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L*(C(0)) and L(Bz), and |p2(C)| = |C| —|C(0)|. A similar proof to that of (1.5)
shows that

k(Nu(C),B,d,U) = > k(N1,B1,s,Un)k(Nm,(£2(C)), B, t, Us)

s+t=d
and moreover,
Z (_1)|C|k(NH(C)aB7da U) :Z (_1)|C(0)‘k(N1;Blvstl)
CeL*(C(0))/Nu(C(0)) t>0 st+t=d
X Z (_1)‘C‘k(NH2(C)7BQ7taU2)
CeL(B2)/Ha

Let £LY(B) = L* (B)\(Uc(0) £7(C(0))), where C(0) runs over all chains of £L(B)
such that w(C(0)) = |C(0)|. Then ¢; induces a bijection from L (B) to L£(B)
such that |p1(C)| = |C] and Ng(C) = N, (91(C)) x Hy. Thus (b) follows by
L*(B)/H = UceL+(B)/H L*(B)/Nu(C). L

Hypothesis (1B). For a finite group X, suppose an X -invariant subfamily £(X)
of R(X) has an X -invariant decomposition

(1.6) L(X)=L1(X)ULo(X)  (disjoint)

satisfying the following condition:
There exists a bijection ¢ between the X -invariant subfamilies £1(X) and L2(X)
such that for each C' € L1(X) given by (1.1), ¢(C) is given by

(1.7) 0(C):0,(X)<P<...<P,<Q<Pj1<...<P,
for an integer v = v(C) and a radical subgroup Q@ = Q(C) of N(C,).

Set v(p(C)) = v(C) = v. Let n be a positive integer, H = X ! S(n), and let
Y = X; x X9 x ... x X, be the base subgroup of H, where X, is a copy of X. In
addition, let 7; be the natural projection of Y onto X; for 1 <i < n and L(H) the
subfamily of R(Y") consisting of chains C' such that m;(C) € L(X;) = L(X) for all
i. Then L(H) is H-invariant.

Let M(H)/H be the subset of chains C' € L(H) given by (1.1) such that each
P, = QP for some subgroup Q; of X, and let M(H) be the subfamily of £(H)
consisting of H-orbits of M(H)/H. For C € M(H)/H, m;(C) = 7;(C) for all 4, j,
C] = |n:(C)| and

Nu(C) = Nx(w(C)) 1S(n),
where m(C) = 71 (C), viewed as a chain of X. In particular, 7 is a bijection between
M(H)/H and L(X)/X.
If m = (nq,...,n:) is a sequence of positive integers such that jm| = n; + ngo +

...+ mny =n, then X S(m) = H; X Hy x ... X Hy is a subgroup of H, where each
H; = X 1S(n;). Let m,, be the projection from X ! S(m) onto H; for all i.

(1C). In the notation above, suppose C € L(H). Then there is a sequence m =
m(C) = (n1,... ,n¢) of positive integers such that mp,(C) € M(H;), |m|=n and

(1.8) Ny(C) = Nx(C(1))1S(n1) x Nx(C(2))1S(na) x ... x Nx(C(£)) 1 S(n),



370 JIANBEI AN

where C (i) = w(my, (C)) € L(X). Moreover, L(H) satisfies Hypothesis (1B) and if
C € L1(H) with Ng(C) given by (1.8), then there is an integer s = s(C') > 1 such
that
NH((I)(C)) = Nx(C(l)) ! S(nl) X ... X Nx(C(S — 1)) i S(’I’Ls_l)
(1.9) X Nx (p(C(s))) 1S(ns) x Nx(C(s + 1)) 1S(ns 1)
X ... X Nx(C(t)) 1S(ny),

where ®(C) € Lo(H). In particular, C(s) € L1(X).

Proof. Suppose R is a radical subgroup of the base subgroup Nx (7 (C))" of Ny (C),
where C'is a chain of M(H)/H. Then

(1.10) R=R" x Ry*> x ... x R}

for some sequence m = (n1,...,n;) with |m| = n, where R; # R; for i # j viewed
as subgroups of X. Thus

(1.11) NNH(C)(R) = NNX(w(C))(Rl) i S(nl) X ... X NNX(w(C))(Rt) i S(nt)

and NNX(W(C))(Ri) l S(nz) = NNHi(Trn,i(C))(R'Z“) for all 7 > 1.
If C is given by (1.1) and R # O, (Ng(C)) such that C" : O,(H) < P; < ... <
P, < R is a chain of L(H), then m,,(C") € M(H;)/H; and

Ny (n(c))(Ri) 1S(ni) = Nx(C'(i)) 1S(ni) = Ng, (7, (C"))

for all ¢, where C'(i) = w(m,, (C")) € L(X). It follows by induction on n that for
each C € L(H), Ny (C) is of the form (1.8) for some sequence m = m(C).

Fix a sequence m = (nq,...,n), let £(m) be the subfamily of L(H) consisting
of chains C' such that m(C) = m, so that £L(H) is a disjoint union of £(m)’s,
Ny (C) satisfies (1.8) for each C' € L(m), £(m) is X S(m)-invariant and Ny (C) =
NXZS(m)(C)'

Suppose C € L(m) is given by (1.1), C(i) = w(m,,(C)) for all i, and for some
fixed ¢,

(1.12) Cll):0.(X)<Q1<...<Qy < ... <Qu,

where v = v(C'(£)). Then each P; has a decomposition

(1.13) Pp=WIHN x W' x ... x Wi,
where W;, < {O0,(X),Q1,...,Qq} for all j. Since C'(¢) = w(m,,(C)), there is an
integer my = my(C') such that Wy,,, o = Q, and Wiy, 41,0 # Qu, S0 that Wiy, 41,0 =
Qu+1- If Q = Q(C(Y)), then by definition, @ = Q41 or Q@ < Q41 according to
whether C(¢) € Lo(X) or C(¢) € £1(X). Thus

(1.14) Q(ng) = Wit x .o x Wil o x Qe x Wit s x Wi < Py,
and define
(1.15) ®,,(C):Ph<...<Pp, <Q(ng) < Ppyt1 <...<Py.

It follows that ®,,(C) € L(m) and Ng(®,,(C)) has the form (1.9) with s = ¢
when &,,(C) # C.
Let £;(m) be a subfamily of £(m) consisting of chains C' € £(m) such that

C=9,,(C)=...=9,__,(C), 2, (C)#£C,
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and define s(C) = s for C € £;(m). In addition, let L£2(m) be the subfamily
of £(m) consisting of the chains C' € £(m) such that C = &, (C’) for some
C'" € L1(m) with s = s(C"). Then £1(m) and L5(m) are X ¢ S(m)-invariant.
Suppose C' € L(m)\(L1(m)U Ly (m)) # @ and suppose Ny (C) is given by (1.8).
If C(1) is given by (1.12) with v = v(C(1)). By (1.15), ®,,(C) € L(m), and since
C & L£1(m), it follows that Q(n1) = Pm,+1, where Q(n1) is given by (1.14). Let

(1.16) a(C): Py <...< Py, < Ppy2<...< Py,

so that a(C) € L(H). If o(C) € L(m), then ®,,(a(C)) = C and so C € L3(m),
which is impossible. Thus m(a(C)) # m(C) and Ng(C) is a proper subgroup of
N (a(C)). Since mp, (a(C)) € M(H;)/H; for all i and since Ng(a(C)) is of the
form (1.8), it follows that there is some n;, say no, such that

(1.17) Ty +ns (@(C)) € M(X 1S(n1 +n2))/X 1S(n1 + na).

In particular, m,, (a(C’)) =, (a(C)). If P+ = [Ties W'k for all j > 0, then
= QM xQU X Pl | Py =QMxQn? ><P+1 and P, 12 = Z™ xZ" x P},
for some r-subgroup Z of X. In particular, @, < Q < Z,

Q(ng) = Q™ x Q™ x P}
and ®,,(C) is the chain
D,,(C):Py<...< Py, <Ppyy1 <Qna) < Ppj2<...<P,.

If ®,,(C) =C, then Z = Q, P, = Pt .,, my =my+1, and C € Ly(m). If

®D,,,(C) # C, then C € L£1(m). This is impossible, so that £(m) = £1(m) U L2(m)
and (1C) follows. O

Suppose b is a block of X with positive defect. For C' € R(X), let
Irr(Nx (C), ) = U Trr(by)

b1 €BIk(Nx (C)|b)
and if X C Irr(Nx (C)), then denote Irr(X,b) = X NIrr(Nx (C), b).

Hypothesis (1D). Suppose an X -invariant subfamily Q(X) of R(X) has an X-
invariant decomposition

(1.18) Q(X) = 21(X)U Q2(X)US(X) (disjoint)
satisfying the following two conditions:

(a) The family Q1(X) U Q2(X) satisfies Hypothesis (1B) and for each C €
Q1(X), there is a defect preserving bijection 1 between Irr(Nx(C),b) and

(X
Irr(Nx (¢(C)), b).

(b) For each C € S(X) given by (1.1), there are some maps ¢ such that o(C) €
S(X) is given by (1.7) with Q@ < Py41, and

Irr(Ng (C) U Qc(p)  (disjoint),
where ¢ runs over the maps with C' # ¢(C ) Moreover, there is a defect preserving

bijection ¥ between Qc(p) and Quc)(0), and if |C| # 0, then ¢(C') = C for a
unique chain C' € S(X) and map .
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For 7 € Aut(X) the family Q(X) is called 7-invariant if T stabilizes C' € Q1 (X)U
S(X) if and only if 7 stabilizes ¢(C), and each defect preserving bijection v is
compatible with 7.

Let b(Y) = b™ be the block of the base subgroup ¥ = X™ of H = X { S(n).
Since C(D(b(Y))) <Y, b(Y)H is a regular block B of H. Denote by Q(H) the
subfamily of R(Y) consisting of the chains C' such that m;(C) € Q(X) for each
1 > 1, where 7; is the natural projection of Y onto its i-th component X; = X.

(1E). In the notation above, suppose Q(X) satisfies Hypothesis (1D) for b.

(a) Then Q(H) also satisfies Hypothesis (1D) for the block B = b(Y)H? and if
Co(X) € S(X), then Qcym)(0) = Qcy(x)(0)2S(n), where Co(K) is the radical chain
of a finite group K with length 0. Moreover, if 7 € Aut(H) such that X7 = X; and
yT =y for ally € S(n) and if Q(X) is compatible with T, then Q(H) is compatible
with 7.

(b) Given i = 1,2, suppose each M; is a finite group and Q(M;) is an M;-
invariant subfamily of R(M;) satisfies Hypothesis (1D) for B; € Blk(M;). Let
M = M; x My and let Q(M) be the subfamily of R(M) consisting of chains C
such that m(C) € Q(M;). Then Q(M) satisfies Hypothesis (1D) for the block
Bi x By and if each Co(M;) € S(M;), then Co(M) € S(M) and Qcya)(0) =
Qo) (0) X Qey () (0). In addition, if 7 € Aut(M) stabilizes each M; and each
Q(M;) is T-invariant, then Q(M) is T-invariant.

Proof. (a) Suppose C' € Q(H) and b(C) € Blk(NH(C)). Then Ng(C) is of the
form (1.8) for some sequence m, and K = Hz 1 Nx(C(2))™ is a normal subgroup
of Ng(C). We claim that b(C) € Blk(Ng(C)|B) if and only if b(C') covers a block
bK € Bl (K|b( )). By induction, we may suppose ¢ = 1, so that n = ny. Thus

Ny (C) = Nx(C(1))1S(n), K is the base subgroup of Ny (C) and b(C) is regular.
If (bK)Y b(Y) and b(C) covers bg, then (bx)V#(©) = b(C), (bg)? = B and
b(C)? = B. Conversely, if b(C)¥ = B and b(C) covers by, then ((bx)¥Y)? = B =
b(Y)H, so that B covers both (bg)Y and b(Y), and hence (bx)Y is conjugate to
b(Y) in H. But b(Y) = b" is H-invariant, so (bx)¥ = b(Y) and the claim holds. In
particular,

(1.19) Irr(Ng (C HIrr (Nx(C(2)),b) 1 S(n;).

Let Qo(H) be the subfamily of Q(H) consisting of chains C' such that in the
decomposition of Ny (C') given by (1.8), C(i) € Q1(X) U Q2(X) for some 7. Then
Qo(H) is H-invariant and the same proof as that of (1C) with some obvious mod-
ifications shows that Qo(H) = Q1(H) U Q2(H) satisfies Hypothesis (1B).

Suppose C' € Q;(H) with Ng(C) given by (1.8) and ®(C) € Qo(H) with
Ny (®(C)) given by (1.9). Then C(s) € Q1(X) and by Hypothesis (1D), there is
a defect preserving bijection 1) between Irr(Nx (C(s)),b) and Irr(Nx (¢(C(s))), b).
By (1A) (a) and (1.19), ¢ can be extended to a defect preserving bijection ¥ be-
tween Irr(Ng (C), B) and Irr(Ng (®(C)), B). Thus Qg (H) satisfies Hypothesis (1D)
for B, and moreover, if Q(X) is 7-invariant, then so is Qo(H). We may suppose
Q1(X) = Q2(X) =0, so that Q(H) = S(H).

Suppose C' € Q(H) with Ny (C) given by (1.8). Let X (i) = Irr(Nx (C(4)),b)?
S(ni), e (i)? = Qe (0)1S(n;) and T (i)t = e (i)\Sc(i)°. If C = Co(H), then
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n = n; and we define Qc(0) = Q¢ (x)(0) 1 S(n). Suppose

(1.20) Qc(0) = [] 2@ x [] Scli).

i€lp jeh

where Iy U I is a partition of {1,2,...,t}. By reordering, we may suppose [y =
{1,2,...,k} and Iy = {k+1,... ,t}. In addition, if o(C(i)) = C(i) for all maps
¢, then by definition, Q¢(;)(0) = Irr(Nx (C(i)),b) and so S¢(i)° = B¢ (). Thus
we may suppose for each i € Iy, there is some map ¢ such that ¢(C(i)) # C(4),
and suppose Iy # 0. Let & = []/_ pr1 2o (i) and Qo (+) = Irr(Ng (C), B)\Qc(0).
Then Q¢ (+) is a disjoint union

k
(1.21) U

For simplicity of notation, we suppose each Irr(Nx (C(£)),b) = Qo) (0) UL (o) (0r)-
Since Qe (0)(0) N Qe ey (@) = 0, it follows that there is a defect preserving bijection
between Y. (¢)™ and the disjoint union

U U Qc@0)18(ne1) x Qe (r) 1S(ne2),

1<ng2<ng ng1+ne2=nyg

k
) x S x J] Se@)® x of).
i=0+1

u:u

and we may identify these two sets. Fix nonnegative integers ns1,n¢2 such that
ng1 + ne2 = ne and ng o > 1. Define a chain ®(C) as (1.15) such that

HNX )) 1S(ni) x Nx(C(€)) 1S(ne,1) x Nx(¢e(C(€))) 1S(ne,2).
i#£L

This is possible since ¢ (C(¢)) # C(£). Thus |[®(C)| =|C|+ 1. Let
HEC x Q) (0) 1S(ne,1)

X Qo (c(0)(0) 18(neg,2) X H So(i) x T
i=L+1

and Q¢ (@) = [TiZ} S (i) X Qe (0028 (ne,1) X Qe (o) 1S (ne,2) X Ty Be(6)° x
Eg. Then

Qc(+) = 2c(0) | J20(®)
[}

and by (1A) (a), the bijection ¢ between Q¢4 (0¢) and Q,, (¢ (¢))(0) can be extended
to a defect preserving bijection ¥ between Qc(®) and Qg (0). Since Qg(c)(0) is
also of the form (1.20), it follows by induction on |C| that for each chain C’' € S(H),
Q¢ (0) is of the form (1.20) and Irr(Ng(C’), B) has a required decomposition.

If Iy = 0, then Q¢(0) = Irr(Ng (C), B) and ®(C") = C for some C’ € S(H). In
addition, if Q(X) is 7-invariant, then so is Q(H). This completes the proof.

(b) The proof of part (b) follows easily by that of (1A) (b) and part (a) above. O
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2. CENTRAL RADICAL CHAINS

Let ¢ = p/ be a power of a prime p distinct from the odd prime 7, e = 4+ or —,
and let e be the multiplicative order of g modulo  and a = a(q® — €). In addition,
let GL¢(n,q) = GL(n,q) or U(n,q) according to whether e = + or —. The radical
subgroups of G are classified by [2] and [3]. We shall follow the notation of [2].

Given integers a > 0 and v > 0, let Z, be the cyclic group of order r***, E., an
extraspecial group of order 271 and ZE,, the central product of Z, and E, over
W (Zy) = Z(E,), where Z(H) denotes the center of a finite group H. Then Z,E,
can be embedded as a subgroup of GL®(er®*7, ¢), and its image R, - is determined
uniquely by Z,E. up to conjugacy in GL®(er®*7, q).

Given an integer m > 1, the image Ry, o,y of Ro . under the m-fold diagonal
mapping in GL*(mer®*7, q) given by

9

9

is also determined up to conjugacy. The center Z(R,. q,4) is cyclic of order r*t,
so that Q(Z(Rm,a,y)) = (z), where z is an element of order 7% in GL(mer®*7, q).
Moreover,

CGLE(mera‘*"Y,q) (Z) ~ GL* (mra—i_’yv qe)v

so that z is a primary element of GL®(mer®™7, q), where a semisimple element is
primary if it has a unique elementary divisor.

For each nonnegative integer ¢, let A, denote the elementary abelian group of
order ¢ represented by its regular permutation representation. For any sequence
c = (c1,co,...,cp) of nonnegative integers, let Ac be the wreath product A., 1 Ag, 0
VA, el =+ e+ .. 4 ¢, and let

Rm,a,'y,c = Rm,a,"/ { AC

be the wreath product in GL(d,q), where d = mer®™+lel. Then Ry, o4.c is
uniquely determined up to conjugacy in GL(d, ¢), which is called a basic subgroup
of GL(d, q).

Let A(Rm,a,y,c) be the intersection of all maximal normal abelian subgroups of
a basic subgroup R, a,y,c and Q = Qq(A(Rm,a~,c)). As shown in the proof of [2|
(4.1)] A(Rm,aqy,c) = Z(Rm,a,'y)r‘c‘, so that Q = (2)"', where z € GL (mer®+7, q)
is a primary element of order r®. Thus @ is a characteristic subgroup of Ry, o ~,c
and will be called the primary subgroup of Ry, o v.c-

(2A). Let G = GL(n,q), and let V be the underlying space of G and R a radical
subgroup of G. Then there exists a corresponding decomposition

V=VolViLl--- LV,

R:R0><R1 X---XRt

such that Ry = (ly,) and R; is a basic subgroup of GLY(V;) for i > 1, where
GL™(V;) = GL(V;) or GL™(V;) = U(V;) according to whether V; is a linear or
unitary space, and V; L V; =V; ® V; when V is linear. Moreover, the extraspecial
components of R; have exponent r for i > 1.

(2.1)
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Proof. The proof is given by [2, (4A)] and [3, (2B)]. O

Given H < G = GL(n,q) = GL(V), let Cy(H) and [V, H| be the subspaces
of V' generated by the vectors of V fixed and moved by H, respectively.

Let A(R) be the intersections of all the maximal normal abelian subgroups of an
r-subgroup R < G, P(R) = Q,(A(R)) and Mg(R) = O,(Ng(P(R))). Then A(R)
and P(R) are characteristic subgroups of R, and

Ng(R) < Ng(P(R)) < No(Mg(R)).

If R has a decomposition (2.1), then P(R) will be called the primary subgroup of R
and a primary subgroup of G is a primary subgroup of a subgroup R with decom-
position (2.1). If @ is a primary subgroup of G, then there exists a corresponding
decomposition

V=M LML 1M,
Q=Xox X1 x---x X,
where Xo = (1ag,), X —< ;) for ¢ > 1 such that [M;,(z;)] = M; and z; is a

primary element of order r* in GL°(M;). In particular, X = Ry, 0,0, where u; is
an integer such that u;e = dim M; for i > 1. So @ has a decomposition (2.1) and

(2.2)

(2.3) Ca(Q) = GL(My) x [ GL(us, ¢°).

i=1
Let M(u) = @, M; and X (u) = [], Xi, where i runs over the indices such that
Xi = Ru,0,0~ Then

Ne(Q) = GL(Mo) x [ Nave(aru) (X (w)),

u>1
(2.4) Neare vy (X (u) = Nave(ue,q) (Ru0,0) 1S (tu),
where t,, is the number of basic components R, ¢ in X (u). Moreover,
(2.5) Naveue,q) (Bu,0,0) = (GL (4, ¢%), Tu),

where 7, € GL®(ue, ¢) has order e acting as a field automorphism on GL®(u, ¢¢).
In the rest of this paper we suppose ged(r, g — €) = 1, so that O,.(G) = (1y). In
particular, r is odd and e > 2.

(2B). Let GL(u,q%) ! S(v) < GL (uve,q) and W = O.(

(q,G,?") 7& (27+73)) then W = ( UOO) f (qa€ T) = ( + 3 then W (RU,O,O)U
or Zz ! Zs according to whether (u,v) # (1,3) or (u,v) = (1,3). In particular,
P(W) = (Ru,O,O)v and NGL‘(uv,qE)(W) N Le(uv,q® (( ) )

Proof. For a finite group K, O, (K1S(v)) = O,(K)? except whenr = 3, O3(K) = K
and v = 3, in which case, O3(K 1 S(3)) = K1 Zs. Thus (2B) follows when r > 5.

Suppose 7 = 3 and O3(GL(u,¢%)) = GL(u,¢). Then u = 1, 3¢ = p¢/ — ¢,
pf =3%eisevenand p = 2. If e = +, then ef = 2¢; is even, 3% = (261 —1)(2°1 +1)
andsoe; =1. Thuse=2, f=1and ¢g=2. If e = — and a = 2a; + 1 is odd, then
ef =2e; +1is odd and

(31 —1)(3™ +1) = 3241 — 1 = 2¢/ —2.3201 — 9(%1 _ 3201),

which is impossible, since 2|(3** — 1) and 2/(3** + 1) when aq > 1. Similarly, if
a = 2ay, then (3% —1)(3% +1) = 2¢/, and since 4 is not a common factor of 3 — 1

? (u,q°) 1S(v)). If
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and 3“1 + 1, either 3** — 1 = 2 or 3" + 1 = 2, which is impossible since e > 2 and
3 is not a divisor of ¢ + 1. This implies (2B). O

We say that a radical chain
(2.6) C:1<P<---<P,

of G = GL (n,q) = GL(V) is central radical if P, = My (¢, _,)(Pg) for 1 <k < w.
By (2.4) and (2.5), P is a primary subgroup of G and if (g, ¢,7) # (2,4, 3), then by
(2B), Py = P(Py) is a primary subgroup of Cq(Ck—_1) for k > 1. A central radical
chain C has the following properties:

(a) There exists a decomposition

(2.7) V=Uy LU L-- 10U,

such that P; = Q0 X Qj1 X -+ X Qj, for all j > 1, where either @;; is a primary
subgroup of GL*(U;) or @Q;, is a direct product of a primary subgroup and some
(Z3173)° for all j > 1 and i > 0. In the latter case, (q,¢,7) = (2, +,3). Moreover,
for each k£ with 1 < k < v, there exists j such that Q) # 1.

(b) Q11 # (1)

(c) Qwo = (1y,) and [U;, Qu,] = U; for all ¢ > 1.

(d) If Q;; = (1y,), then Qre = <1Uz> for all k < j and £ > 1.

() 1f Qs # (Lus s then [U}, Q] = U.

(f) Given+i > 1, if j is the smallest mdex such that Q;; # (1y,), then Q; 1 = (1v,)
for all £ > i+ 1.

We shall call v = z(C) the size of C. Denote by CR = CR(G) or MR = MR(G)
the set of all central radical chains of G according to whether (g, ¢,r) # (2,4, 3) or
(g,¢,7) = (2,+,3). Then CR and MR are G-invariant subfamilies of R.

Suppose C' is central radical with decomposition (2.7). In order to compute
Ng(C) for an extension F of G, we always suppose 0 = 0g X 01 X ... X 0, is a field
automorphism of G such that each o; is a field automorphism of GLS( ;) of order
f or 2f according to whether € = 4+ or —. In addition, suppose t = 1g X t1 X ... X
such that each ¢; is the inverse-transpose of GL(U;), so that [oy,¢;] = 1 for all
i and ¢ is a field automorphism of order 2 when ¢ = —. We may always suppose
E <G % {o,t) and Out(G) = (o, 1).

For 1 <4 < t, let I; be a finite subset of positive integers, n; = {n;; : j €
I;} a set of positive integers, n = {ni,no,... ,m;}, X; = {X,, : j € I;} and
X ={Xy,Xy,...,X;}, where X; ; is a subgroup of S(n; ;). In addition, let K be a
subgroup of GL®(m, ¢). Then KX, ; for any j € I is a subgroup of GL (mn, j, q).
Let K1X; =1]] KX, ; and

K X=K! X111 X3?...1X;

JENL

be the subgroups of GL(m|n1],q) and GL*(m|n|,q), respectively, where |n;| =
> jer, iy and [nf = Z§=1 |n;|. If X, ; = S(n,;) for all ¢, j, then we set

(2.8) K1S(n)=K1X.

Given 1 <4¢ <t and j € I;, let ¢; ; be a sequence of nonnegative integers, n; ; =
rleiil and X; ; a basic subgroup A, ; of S(rleisl). We set

(2.9) KA, = KX,

where z = {21,292, ... ,2;} such that z; = {c; ; : j € I;}. In particular, Ry, a,y.c =
Rpn.a~ U Az with z = {c}, and if K is an r-subgroup, then so is K ! A4,.
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Suppose the chain C' given by (2.6) is central radical with decomposition (2.7).
Then for 1 <j <w

Pj=PjoxQj1 X+ XQji-1xQji,
where Pj is the trivial subgroup of GL*(Cy (F;)) and Q;r # 1 for 1 <k <4. By
the property (f), i < j and by (d), Cv(P;) = Uo + >_p_; 41 Ur. Thus N(C;) =
GLe(Cv(Pj)) X Nj71 X oo X Nj,i; where Nj,k = n%zl NGL‘*(Uk)(QZ,k) for 1 < k <1.
In particular,

(2.10) N(C) = GL(Up) x N1 X Ng X - -+ X N,

where Nj, = (,_; Navre,)(Qek) for all k > 1. Moreover, if w =1, then v = w =1
and N1 = Ngrev,)(Q1,1) is given by (2.4). If w > 2, then by (2.4) (with e = 1),

(2.11) Ny = H <Ti, < H GL (m;, %) S(wj)>> 1S(4),
SIS j€lo

where |7;| = e, I and Iy are sets of some positive integers, and GL (m;, ¢%) 1S(w;)

is defined by (2.8) with K = GL(m;,q%) and w; = n.

An r-subgroup D is called a quasi-radical subgroup of G = GL®(n,q) if D =
HE:O D; such that Dg is the trivial subgroup of GL(Cy (D)) and D; = R; 1 Ay,
for ¢ > 1, where R; is a radical subgroup of GL®(m;,¢%) and R; ! Az, is defined by
(2.9). By [Il Theorem 2] and induction,

A(D) = Dy x li[(A(Ri))‘zi‘

and P(D) is a primary subgroup of GL®(n,q), called the primary subgroup of D.
Since P(Mq (D)) = P(D) by (2B), it follows that

(2.12) Ne(D) < No(P(D)) = No(Mg(D)).

(2C). Let G = GL (n,q) = GLY(V), and let C be the central radical chain (2.6)
with w > 1 and decomposition (2.7).

(a) Fiz1 <i<w. Let N; = (,_; Novrew)(Qe,i), and let W be a radical subgroup
of N;. Then W is quasi-radical, S = My,(W) is radical in N; and S < W. In
particular, Qu; < S and Nn,(W) < Ny, (S). Moreover, if S = Qu,i, then W
is radical in N} = ;7' Navew,)(Qri) and Nn,(W) = Ny/(W), where Ni =
GL®(U1) when w = 1.

(b) If R is a radical subgroup of N(C), then R is quasi-radical. If D = My (R),
then D is radical in N(C), P, QD < R, and Ny(oy(R) < Ny(c)(D). In addition,
if Py # D, then

C Ph<P < ---<P,<D

is a central radical chain of G, R is radical in N(C"), and Ny (R) = Ny o) (R).
If P, = D, then R is radical in N(Cy—1) and Ny, _)(R) = Nn(c)(R).

Proof. (a). Let H = N; decompose as (2.11). By [14, 2.2, 2.3 and 2.5] and in-
duction, we may suppose H = (7,GL(m,q%) 1 S(z)). Since ged(e,r) = 1 and
GLf(m, ¢%)1S(z) < H and since W < GL®(m, ¢°) 1 S(z), it follows by [14], 2.1] that
we may suppose H = GL(m, ¢°)1S(z). By [14] 2.3 and 2.5] and induction, we may
suppose H = GL®(m,¢°®). Thus W is quasi-radical. By (2.12), O,(Nn,(S)) = S
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and S is radical in IV;, so that Q. ; < S. Since Ny, (W) < Ny, (S5), it follows that
W is radical in Ny, (5), and so S = O, (Nn,(5)) < W.
If S = Qu.,, then N; = Ny/(S) and by (2.12),

Ny (W) = Navew,) (W) N Nj < Narew,) (S) NN = Ny,

so that Ny/(W) = Ny, (W) and W is radical in N;.

(b). Suppose R is a radical subgroup of N(C). By (2.10) and [14, Lemma 2.2],
R = R(0) x [;_, R(i), where R(0) and R(¢) are radical subgroups of GL*(Up) and
N;, respectively for all ¢+ > 1. By (2A) and part (a) above, R(0) and R(i) are
quasi-radical, so is R. Let D(0) = Mgare,)(R(0)) and D(i) = My, (R(i)). Then
D = D(0) x[]i_; D(i) = Mn(cy(R) and D(0) and D(i) are radical in GL*(Up) and
N;, respectively. So D is radical in N(C), and the chain C’ defined in (b) is central
radical. Since Ny (c)(R) < Ny (o) (D), it follows that Ny (c)(R) = Ny oy (p)(R) =
Ny(cn(R).

Finally, if D = P, then R(0) = D(0) = (1y,) and D(i) = Q.. By part (a),
each R(i) is radical in N/ = Ny} Navew,)(Qrs) for i > 1, so that R is radical in
N(Cw-1), Nn(c,_1)(R) < Nn(c,,_,)(D) = N(C) and Ny(c,_,)(R) = Ny(o)(R).
This proves (2C). O

Remark. Suppose (q,¢€,7) = (2,+,3) and C € MR(G) given by (2.6). Let
P(C):1<P(P)<P(P)<...<P(Py,)

and CR = CR(G) = {P(C) : C € MR(G)}. Then each subgroup of a chain in CR
is a primary subgroup of G, the map C — P(C) is a bijection between MR(G)
and CR and by (2.12), Ng(C) = Ng(P(C)). Moreover, if F is an extension of G,
then
N5(C) = Nu(P(C)).
It follows that we can identify C with P(C') and view CR as a subfamily of R.
(2D). Let G = GL(n,q) = GLY(V), B € BIk(G) with defect d(B) > 1,d > 0 an
integer and U < Out(G). Then
ST C)RNE), B dU) = S (1)ICK(N(C), B,d,U).
CEeR/G CeCR/G

Proof. Let M be the complementary G-invariant subfamily R\CR of CR in R. It
suffices to show that

CeM/G
Suppose C' € M is given by (1.1). Let m = m(C) > 0 be the largest integer such
that C,, € CR and C), 41 € CR, so that 0 < m < w — 1. Since P41 is radical

in N(Cp,), it follows that P, is quasi-radical, D = My c,,)(Pmn+1) is radical in
N(C,), and P,, < D. Define a map ¢ from M to itself such that

(©) - l1<P<..<Po,<D<Pp1<...<P, ifP,#D,
LA l1<P<...<Pp 1<Ppi1<...<P, if P,, = D.

By (2C), N(C) = N(¢(C)), (¢(C)) = C and |p(C)| = |C] £ 1. Since Ng(C) =
Ng(p(C)) for an extension E of G, (2D) follows. O
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3. MORE REDUCTIONS

Let F = F,; be the set of polynomials serving as elementary divisors for all
semisimple elements of G = GL(n,q). If G = GL(n,q), then F consists of all
monic irreducible polynomials over the field F, of ¢ elements with non-zero roots.
Suppose G = U(n, q) and let A(T) = T™ + a1 T™ ' +...+a1T + ap be a monic
polynomial of Fy2[T] with ag # 0, and A(T) = (ag H)IT™AY(T~1). Then

F1 ={A: Ais monic, irreducible, A # T, A = A},
Fo = {AA : Ais monic, irreducible, A # T, A # A}

and F = F; U Fo.

A semisimple element s € G has a primary decomposition V' = ) . - Vr, s =
[Ircr s, where each sp € GL(Vr) has a unique elementary divisor I' € F of
multiplicity mr(s). Let dr be the degree of T' € F, or = dr (respectively, ep = +)
except when e = — and I' € Fy (respectively, I' € F;), in which case or = %dr
(respectively, ep = —), and let er be the multiplicative order of ep¢®™ modulo r.
The Brauer pairs (R,b) of G have been labelled by Broué [4, (3.1)]. This labelling
is by ordered triples (R, s, k), where s is a semisimple 7’-element of the dual group
G* of G, and k = [[z kr is a product of partitions sr such that each xr is an
er-core. This labelling extends the labelling [I0, (5D)], by Fong and Srinivasan for
block B € Blk(G) by ordered pair (s, k). Since G ~ G*, we may identify G* with
G, so that s € G.

Given C € CR with a final subgroup P,,, let Cy (C) be the fixed-point subspace
Cy(Py) of P, in V. Fix an integer m > 1, suppose V decomposes as (2.7) with
dim U; = me, and let

V(m):Ul, V(m),:U()J_UQJ_~'~J_Uv,
so that V .=V (m) L V(m)'. Set G(m) = GL*(V(m)) and G(m)" = GL(V (m)").
Let X be a primary radical subgroup of G(m) with [V(m),X ] = V(m), and
S(X) the subset of CR(G) consisting of all chains C' such that its first non-trivial
subgroup is Py = X X (ly(m)). Then
N(Cy) = N(Px) = Nx x G(m)',
where NX = Ng(m)(X)

(8A). In the notation above, suppose B € BIk(G) with defect group D(B) # 1 such
that m # dim[V, D(B)]. Then

(3.1) > (-D9K(N(C),B,d,U) =0

CeS(X)/N(Px)
for all integers d > 0 and U < Out(G). If m = dim[V, D(B)], then we may suppose
Cy(C)=Cy(D(B)) =V(m) for C e S(X).

Proof. Let CR(Nx x G(m)') and CR(Nx) be the subfamilies of R(Nx x G(m)’)
and R(Nx), respectively consisting of chains C given by (1.1) with P(FP;) = P, for
all i > 1. Here we have a similar identification to that in the remark after (2C)
when (g,e,7) = (2,+,3). If C € §(X), then C : 1 < Py < P, < ... < P, and
o(C): Px < P <...< Pyisachain of CR(Nx xG(m)"), |C| = |¢(C)|+1, N(C) =
Ny yxam) (¢(C)) and ¢ is a bijection between S(X) and CR(Nx x G(m)’).

Let 7, and 7’ be the projections of N(Px) onto Nx and G(m)’, respectively.
Suppose C' € CR(Nx x G(m)') is given by (1.1). Then 7,,(C) € CR(Nx), ' (C) €



380 JIANBEI AN

CR(G(m)") and N(C) = Ny (mm(C)) X Ng(my (7'(C)), where mp,(C) and 7'(C)
are defined as (1A). Conversely, if C € R(Nx x G(m)’) such that m,,(C') € CR(Nx)
and 7'(C) € CR(G(m)"), then by definition, C' € CR(Nx x G(m)").

Given C € §(X),let Cx = m,(p(C)) and C' = 7' (p(C)), so C(C) = Cny (Cx )X
Cg(m)/(cl) and

N(C) = Nny xcmy (¢(C)) = Nnx (Cx) X Ne(my (C1).

Let (s,x) be the label of B. If b(C) € BIk(N(C)|B), then b(C) = b(C)x x b(C),
where b(C)x and b(C)" are blocks of N (Cx) and Ng () (C'), respectively. Let
bx € BIk(Ciy (Cx)) and &' € BIk(Cgmy (C")) such that b(C)x = by"*'“ and
b(C) = b'Neen () If b = by x b, then b¢ = B, so that (Py, b) is a Brauer B-pair.
Let (P, Sm X Sh,, km X Kh,) be the label of the pair (P,,b), where s,, € Cn, (Cx)
and s;, € Cg(m)(C"). By the Broué-Puig theorem, [4, (3.2)], s and s, x s,
are conjugate in GL(V). Since X < O,(Cn,(Cx)) < D(bx), it follows that
Km = — is the empty set and k = k),. Let B, and B}, be the blocks of G(m) and
G(m)’ labelled by (s, —) and (s, k), respectively. Then bi(m) = b(C’)f((m) = B,
and 5™ = ()€™’ = B/ The blocks B,, and B/, depend only on the
decomposition s, X s}, of s in G(m) x G(m)" and not on the choice of C' € S(X).
Let 0/ = 09 X 02 X 03 X ... X 0, and t/ = 19 X 13 X 13 X ... X 1y, so that
o =01 x0o and ¢ = 13 x . Suppose U = (v,p) < Out(G) = (o,t), where
v = o' and p =  for some integers £ and i. Let vx = of, v/ = a’z, px = ii,
o =1V"Ux = (yx,px) and U' = (v, p'). Since o1 and ¢; are field and the inverse-

transpose maps of GL(V(m)), respectively, we may suppose they stabilize X, so
that 01,11 € Aut(Nx). It follows by (1A) (b) that

Z (—1)|C|k(N(C),B,d, U)

CeS(X)/N(Px)

(3:2) == > Y ()N (N (Cx), By, Ux)

u+t=d Cx
xZ DI (N my (C), Bl t,U”),

where C'x and C’ run over CR(Nx)/Nx and CR(G(m)")/G(m)’, respectively.
Since D(B,,) and D(B},) can be viewed as Sylow r-subgroups of C¢ () (sm) and
CG(my (s1,), respectively, we may suppose

Px < D(B,,) x D(B',) < D(B).

In addition, we may suppose Z(D(B)) < Z(D(bx))x Z(D(¥')) and D(b') < D(B.,).
Thus B, has defect 0 if and only if m = dim[V, D(B)].

If m # dim[V,D(B)], then m < dim[V,D(B)] and dimV(m) < dimV. If
dim V(m)" < e, then GL*(V(m)’) has a cyclic Sylow r-subgroup and Dade’s invari-
ant conjecture for B), follows by [8, Theorem 7.11]. By induction on dim V|

(—D)I€K(Ne(my (C), By, t,U") =
CeCR(G(m)")/G(m)’

for all integers t > 0. Thus (3.1) follows by (3.2).
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If m = dim[V, D(B) ], then B, has defect 0, D(B],) = 1and V(m)' = Cy(Px) =
Cy(D(B)). We may suppose each non-trivial subgroup of a chain C € S(X) is a
subgroup of D(B), so Cy(C) = Cy(D(B)) = V(m)’. This proves (3A). O

Let CR(B) = {C € CR : BIk(N(C)|B) # 0}, and let
CR*(B) = CR(B)\ (U S(X))
X

and CR*(G) = U CR*(B), where Px = X x (l¢y (py)) runs over primary sub-
groups of G such that dim Cy (Px) # dim Cy (D(B)), and B runs over all blocks
of G with positive defect. If C € CR*(B), then by (3A), we may suppose Cy (C) =
Cy (D(B)).

Let x be an irreducible unipotent character of G = GL*(V) = GL(n,q). If
€ = +, then y is rational and ¢ induces the dual map on Irr(G), so that ¢ stabilizes
X- Similarly, the field automorphism ¢ also stabilizes x. If € = —, then x is a linear
combination of some R%(1) with rational coefficients, where each T is a o-invariant
maximal torus of G. So o also stabilizes x. In both cases, x™ = x for 7 € G x (0, 1).

Suppose s, is an irreducible character of G labelled by (s,x,), where x,, is
an irreducible unipotent character of Cg(s). If 7 € (o,¢), then we may suppose 7
stabilizes X, X7, is labelled by (s, x,) and so

(3.3) Xou = Xs7 -
In addition, d(xs,.) = a(G) — a(xs,.) and a(xs,.) = a(|G: Ca(s)]) + a(x,). Thus
(3.4) d(xs,u) = a(Ca(s)) — alxu) = d(xp)-

Let B be a block of G = GL(V) labelled by (s, k), D a defect group of B, V) =
Cy (D) and V. = [V, D]. Then D = Dy x D and we may suppose s € Cg(D) =
GLE(VE)) X CJr, where D() = <]-V0>; DJr < G+ = GLE(VJF) and C+ = CGLE(V+)(D+).
Thus s = sp X s; and we may suppose 0 = o0p X 04, t = ty X t4 such that
57 = s3° x 57" and s* = s’ x s, where sp € GL°(Vp) and s € C. Suppose
U < Out(G) = (o,1), so that U = (x, p), where = o and p = ¢’ for some integers
0,i>0. Let zg = 0§, po = th, v = Uﬁ, pt+ =i, Ug = (z0,po) and Uy = (x4, py).
Then Uy < Out(GL(Vp)) = (00, t0) and Uy < Out(G4) = (o4, 14 ).

(3B). In the notation above, let B(0) and B(+) be blocks of Go = GL(Vy) and G4
labelled by (so, k) and (s4,—), respectively. Then there exists a defect preserving
biection between Irr(B) and Irr(B(4)). Moreover, there exists a bijection ¢ between
CR*(B) and CR*(B(+)) such that N(C') = Go x Na (¢(C)) for C € CR*(B) with
|C| > 1. In addition,

for any integers d > 0 and U < Out(G).

Proof. Let xsy,,, be an irreducible character of Irr(B) labelled by (sy, x,.), where y
is an r-element of Cg(s). Then y = 1y, x y4 for some element y; € Cg, (s4), and
sy = [Ip(sy)r and p = [[ pr, where pr is a partition of mr(sy). Suppose kr and
Q(ur) are the ep-core and ep-quotient of ur, respectively. Then k = [[ kr and ur
is uniquely determined by kr and Q(ur). Let (ur)+ be a partition of mr(syyy)
with Q(ur) as its ep-quotient and — as its ep-core, and let py = [[(ur)4. Then
the character &, 4, ., of G4 labelled by (s;yi,xu, ) is a character of Irr(B(+))
and each character of Irr(B(+)) is of this form. Define W(&,, y, ;1)) = Xsy,u- By [10)
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Theorem (7A)], U is a bijection between Irr(B(+)) and Irr(B). In addition, by (3.4)
and the hook-length formula [I0, (1.15)], ¥ is defect preserving. If 7 = 79 X 74 €
Out(G) for some 79 € Out(GL(Vp)) and 74 € Out(G+), then X7, |, = X(sy)7,u and
Etyrmy = &(sys) puy - 1t follows that

(e = w(E)
for any 7 € (o,¢), so that k(G, B,d,U) = k(G4, B(+),d,U4).

Suppose C' € CR*(B) is given by (1.1) with |C|] > 1. We may suppose P, =
(Ly,) x Py(t) for all ¢ > 1, where Py (t) < G4. Define p(C) : 1 < PL(1) < P+(2) <
... < Py(w). Then ¢(C) € CR*(B(+)) and N(C) = Go x Ng_ (¢(C)). Since
Irr(B(0)) has exactly one character of defect 0, it follows that k(Go, B(0),t) =1 or
0 according to whether ¢ = 0 or ¢t # 0. This and a similar proof to that of (1.5)
imply (3.5). O

Let B be a block of G = GL(n,q) = GL(V) with defect group D. By (3B),
we may suppose [V, D] = V, so that n = ue and B is labelled by (s,—). Let
V =31 Vr, s =[]} st be the primary decomposition of s and L = C¢(s) =[] Lr,
where Ly = GL (mr(s), ¢°) = Care(vp)(sT). We may choose the decomposition
such that o and ¢ stabilizes each Vp. Thus ¢ = [[por and ¢ = ], where
or and ¢p induce fields and the inverse-transpose maps on GL®(Vr), respectively.
Suppose U is a subgroup of Out(G) = (o,1), so that U = (z,p) with = ¢’ and
p = ' for some integers £,i > 0. Let xr = o0&, pr = & and Ur = (zr, pr). Then
Ur < Out(GL(Vr)) = (or, tr).

Let nr be the natural projection onto Vr and C' € CR*(B). We may suppose
D is a Sylow r-subgroup of L and each subgroup of C is a subgroup of D. Thus
C' is an r-subgroup chain of L. Let Yr = {mp(F) : 0 < £ < w} and relabel
the subgroups of Yr such that Yr = {1 = Wy < W7 < ... < Wy }. Define
mr(C): 1 =Wy < Wi <...< Wy, so that 7p(C) is an r-subgroup chain of L.

Choose a representative set CR*(B)/G for the G-orbits in CR*(B) such that
each chain C' € CR"*(B)/G is also an r-subgroup chain of D. Let By, be the block
of L labelled by (s,—). Then By = [[ Br for some Br € Blk(Lr) labelled by

(SFa_)'

(3C). In the notation above, suppose L(Br) is the set of r-subgroup chains of L
consisting of all Lr-conjugates of nr(C) for all C € CR*(B)/G. Then

CeCR*(B)/G

=2 (H( Y (1IK(NL,,(C), Br,ur, Up))),

ur I CEE(BF/)/LF/

where both T and T run over elementary divisors of s, and ur Tuns over nonnegative
integers such that Y pur = d.

Proof. Suppose C' € CR*(B)/G has a non-trivial final subgroup . Then Q < D <
L, @Q is a primary subgroup of G and [V, Q] = V. In addition, C(Q) and N(Q) are
given by (2.3) and (2.4), respectively, with My = Cy (Q) = 0. Thus Cg(Q) = C(C)
and N(C) < N(Q). Let H = Cg(Q) and K = Cg(s), so that K = CL(Q).
Suppose By € Blk(H|B) and Bk € BIk(K|B). Then both blocks are labelled
by (s,—), and RE is a perfect isometry between Irr(By) and Irr(By). Let gy, €
Ir(Bi), ¢syur = RE(Ysy ) € Iir(Bp), and let Np,(1sy.,) and N (psy,r) be the
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stabilizers of 1y, ,, and @y, in N1 (C) and N(C), respectively, wherey € D. If z €
N1 (C) stabilizes 1y ., then s* = s, K* = K, (RE)* = RE and (0sy,u1)* = @sy,r-
Conversely, if z € N(C) stabilizes ¢4y, v, then (sy)* is H-conjugate to sy, so that
s*h = s for some h € H. Thus zh € N(C), (RE)*" = RIL and (¢sy,.)*" = ¥sy -
It follows that

NG (psyuw)/H =~ Np(¥sy,u)/ K.

By equalities (2.3) and (2.4), sy, and 1, , have extensions to Ny (q)(@sy,u)
and Ny, (Q)(¥sy,u), and so they have extensions to Ng(psy,u) and Nr(¥sy,.),
respectively. Since o is a field automorphism and ¢ is the inverse-transpose map,
we may suppose s” € (s) and Q" = Q for 7 = o or ¢, so K™ = K and (RY)™ = RE.
Moreover, since we only consider the action of 7 on Irr(By) and Irr(Bg), it follows
by (2.4) and (2.5) that we may suppose 7 commutes with each element of N(Q)/H
and N (Q)/K.

Since a defect group of By is conjugate to a Sylow r-subgroup of Cy(s) = K,
it follows that By and Bg have the same defect. Now Rg, Ind¥(©)

NG(@.;y,;L’
Indxi gi) ) are defect preserving. By Clifford theory, there is a defect preserving
SY, 1

bijection ¥ between Irr(N(C), B) and Irr(Nr(C), Br) such that U(x") = ¥(x)”
for each x € Irr(N(C), B) and 7 € Out(G), so

(36) k(N(C),B,d, U) = k(NL(C)aBLvdv U)

) and

Since L is a regular subgroup of G, Rg is a perfect isometry and (RE)T = Rf for
T € Out(G), so that (3.6) still holds when |C| = 0.

Suppose C' € CR*(B)/G is given by (2.6). For 1 < i < w, let (P)r =
mr(P;) be the subgroup of Ly. Then P; < [[(Pi)r < [[p(Pig1)r and Ni(P;) <
[T Noc((P)r).

Let M be the subfamily of CR*(B) consisting of all G-conjugates of chains
C € CR*(B)/G such that P; # [[-(Pi)r for some i. Given C € M, let v = v(C)
be the largest integer such that P, # [[.(P,)r. Let

(3.7) C:1<Pi<...<P,<Pyy1<...<Py,

be a chain of M with v = v(C), so that P,11 = [[(Pot1)r and [[p(Py)r <
P,41. Let M? and M™ be the subfamilies of M consisting of chains C such that
[Ir(Po)r = Py and [[(Py)r < Pyt1, respectively. If C € MY is given by (3.7),
then define

9g(C): 1< P <...<P,<Pyy2<...< Py,

so that g(C) € M™T and NL(C) = Nr(g(C)). If C € M™ is given by (3.7), then
define

h(C):1<P1<...<PU<H(PU)F<PU+1<...<Pw,
T

so that h(C) € M? and N.(C) = Np(h(C)). In addition, since 7 = [ for
each 7 € (0,1, it follows that N, ,,(C) = N,y (9(C)) or Ng,,y(h(C)) according
to whether C' € M? or M. Since gh and hg are identities, it follows that

3 (—)K(NL(C), B,d,U) =0
CeM/L
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for all d and U < (o,:). We may suppose C ¢ M, so that P, = [[.(P;)r for all
i. Thus (3C) follows by (3.6) and the same proof as that of (1A) (b) with some
obvious modifications. O

4. THE PROOF OF THE INVARIANT CONJECTURE

Let .7-'4“ = fé“(r) be the subset of F = F, consisting of all polynomials whose
roots have multiplicative order 7*. In addition, let F,(r,a) = .7:3 U .7:; U...ury
and Fy(r) = Ukzo .7-'(;“(7"). Then .7-"(? ={T —1} and by [12, (1) and (2)], |F4(r,a)| =
1+ (r* —1)/e and |F2T!| = (r* —r® ') /e for i > 1 (note that the number e here is
the ¢ in [I1] and [12]). Moreover, by [11} (1.5)], dr = e or er’ according to whether
I e Fy(r,a)\{T — 1} or Fi**, and each elementary divisor of an r-element is an
element of F,(r). Following the notation of [12], we write

Fa(r;a) = {A0,5) : 0<j < (r* =1)/e},  A0,0)=T -1,
and for i > 1
Fotir) ={A(05) : 1< j < (r* =7 1) e}

A sequence (w;) = (wo,wy,ws,...,we) of nonnegative integers is called an r-
weight sequence of u if

¢
g w;rt = u.
i=0

Given such a sequence (w;), let Qg ((w;)) be the subset of Irr(By) consisting of
irreducible characters x,.,, of G = GL(ue, ¢) such that

14+(r*—1)/e (re—r*=1Y)/e
E myo,;j = Wo, E mij = Wi
Jj=0 Jj=1

for i > 1 and p =[], ; pe,j, where me,; = mae,;)(y) and pe,; is a partition of my,;
for all £ and j. As shown in the proof of [12], Proposition 6]

(4.1) 16 ()] = k(e + (r* = 1)/e;wo) [T k((r* = r*71) fe,wy),

i>1
where k(s, t) is the number of s-tuples (u1, ... , s) of partitions such that E;:1 ]
= t. Moreover,
(4.2) Ir(Bo) = ) Qa((wi))  (disjoint),
(ws)

where (w;) runs over all r-weight sequences of u. An r-weight sequence (w;) de-
termines a unique partition A = ()\go, e ,)\f ) of u, called an r-weight partition,
where \; = r* and 3; = w; for all i > 0.

(4A). Let K = GL(17,¢%), H = GL(t7,¢%) and K 1S(t) < H, where j > 0
and t > 1. In addition, let X = {€n : A € (Fot?)*}, where (Fo?)* = Fo or
Fye(r,a) according to whether j > 1 or j =0, and &a is the irreducible character
of the principal block By(K) labelled by (A,1). Thus X = Irr(Bo(K)) when j =
0. Then there is a defect preserving bijection U between Qg ((w;)) and X 1 S(t),
where w; = 0;;t and X 1 S(t) is defined by (1A). Moreover, U is compatible with
T € Out(H).
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Proof. If x = xy,u € Qu((w;)), then ZAE(}-;;;')* ma(y) =t and p = [ pa,
where pa F ma(y). Let £ € Irr(K™) such that me, (€) = ma(y), where me, () is
the multiplicity of {a in . Then the stabilizer of { in K 1 S(?) is K'S(m) and ¢
has an extension & to KS(m), where

m = (mA(j,l) (y)v e 7mA(j,r“7r“*1)(y))

or (ma(,0)(¥), -+ ,Ma(o,re)(y)) according to whether j > 1 or j = 0. Define

W(x) = Indigig o (E6,),
where ¢, = [[A ¢un Wwith ¢, the irreducible character of S(ma(y)) labelled by
pa. Since d(x) = d(x,), it follows that

d(x) =Y _(ma(y)(a + ) + a(S(ma(y))) — alxu) = tla + j) + a(S(m)) — a(x,)-
A

Similarly, d(¥(x)) = a(K'S(m)) — a(é,,). But a(€) = ¥ ma(y)a(€a) and
al€a) = a(|GL (9, ¢°): GLY(L,¢™)]) = ra+ a(S(r)) — (a + ).

so by [10, (8.5)], d(¥(x)) = t(a+j) +a(S(m)) — a(¢,) = d(x). Thus ¥ is a defect
preserving bijection between Qg ((w;)) and X 1 S(t).

If 7 € Out(H), then Xy.u = Xy~.u- The base group K' is uniquely determined
up to conjugacy in H, we may suppose K7 = K and moreover, we may suppose
[T,2] =1 for x € S(t), so that U(x)™ = ¥(x7). This proves (4A). O

Let B € BIk(G) with defect group D. By (3B), we may suppose [V, D] =V and
G = GL(eu,q). Let C' € CR*(B) be a chain given by (2.6) such that the Sylow
subgroups of C(C) are abelian. Then by (2.10) and (2.11), N(C) = Ny X ... x N,

and each
M= TT (o (T 610 180w)) ) 1500

icl) jelo
so that m; <r — 1. Let Q be a Sylow r-subgroup of C'(C) and
(4.3) C*:1<P<...<P,<Q.
Then Q = (R1,0,0,0)" and N(C*) = Nf x ... x N such that for k > 1

Ni = H <Ti, ( H GL(1,¢%) 1 S(mj) 2 S(wj))> 1S(3).
i€1) j€lo

(4B). In the notation above, suppose C(C) has an abelian Sylow r-subgroup Q@ and
Bo = Bo(G) Then

k(N(C), By,d,U) = k(N(C*), By, d,U)

for all integers d > 0 and U < Out(G). Moreover, Dade’s invariant conjecture
holds for the principal block with an abelian defect group.

Proof. We may suppose C' # C*. Let K = GL“(m;,q°) and K* = GL(1,¢°)
S(m;). By (4A), there is a defect preserving bijection ¢ between Irr(By (X)) and
Irr(Bo(K*)). Let W = K 1 S(w;) and W* = K* 1 S(w;). By (1A) (a), there
is a defect preserving bijection ¥ between Irr(By(W)) and Irr(Bo(W*)). Since 7;
is a field automorphism of GL®(U;), it follows that we may suppose [7;,y] = 1
for each permutation matrix y € GL(U;), so that ¥(x)™ = ¥(x™). Thus ¥
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can be extended to a defect preserving bijection ¥* between Irr(By(N(C))) and
Irr(Bo(N(C*))). Similarly, if 7 € Out(G), then we may suppose [7,y] = 1 for
each permutation matrix y € G and [7,7;] = 1 (see the remark after (2.7)). If 7
stabilizes C*, then C™ = C. If C™ = C, then Q™" = Q for some h € C(C). It
follows that U*(x)™ = ¥*(x") for any x € Irr(Bo(N(C))).

If By has an abelian defect group, then C(C) has an abelian Sylow subgroup for
each C € CR". Suppose C € CR*(By) is given by (2.6). Define p(C) = Cy—1 or
C* according to whether C = C* or C # C*. Then ¢(C) € CR*(By), ¢(p(C)) =C
and |p(C)| = |C| £ 1. This implies that

> (=DIK(N(C), By,d,U) = 0.
CEeCR*(By)/G

This proves (4B). O

Let Ry, = Ry,0,0,0 be a basic subgroup of G = GL(eu, q), so that H = Cg(R,) =
GL(u,¢%). If A = ()\?1,)\52, e ,)\f‘) is a partition of u with A\; < Ay < ... < Ay,
then

(4.4) Ry, = H(R)\j)ﬁj
is a primary subgroup of G and H, C(R)) = H§=1 GL(), ¢°)% and

J4
Ni(Ry) = [ GL (. a%) 1S(8)).

Conversely, each primary subgroup of G and H with no nonzero fixed-point on the
underlying space is determined by a partition of w.

For K < G, we denote by CR*(K) the subfamily of R(Ck (P(O,(K)))) consisting
of the chains C' such that each subgroup of C is primary in G. Here we have
the same identification as that of the remark of (2C) when (g,e,7) = (2,+,3).
Let CR3;(A) be the subfamily of CR*(H) consisting of all chains C' whose first
subgroup is equal to Ry. If C € CRy(X) is given by (1.1) with Ry # O,(H),
then g(C) : Ry < P> < ... < P, is a chain of CR*(Ng(R))), |9(C)| = |C| — 1,
Nu(C) = Ny, (ry)(9(C)) and g is a bijection between CR7% () and CR*(Ng(Ry)).
We can identify CR};(A\) with CR*(Ng(R))).

(4C). Let H = GL(u,q%) for u > 1. Then Q(H) = CR"*(H) satisfies Hypothesis
(1D) for the principal block By = B(H) and it is T-invariant for each 7 € Out(H).
In addition, Co(H) € S(H) such that Qcym)(0) = 0 or Qu((di)) according to
whether u is not a power of r or u = rt.

Proof. If w =1, then Q(H) = {Co(H)} and by definition, Irr(H, By) = Qu((1,0))
= Qcy(m)(0). Thus Q1 (H) = Qo(H) =0 and S(H) = Q(H).

If 1 < u < r, then H has an abelian Sylow r-subgroup. Let Qi(H) = {C €
Q(H) : C # C*|C] # 0}, Q2(H) = {C € QH) : C = C*|C| # 1,} and
S(H) = {Cy(H),Co(H)*}, where C* is defined by (4.3). Set Qc,m)(0) = 0
©(Co(H)) = Co(H)", Qcym)(p) = Qu((u,0)) = Irr(H, Bo) and Qc,m)-(0) =
Irr(Ng (Co(H)*), By). Tt follows by (4A) and (4B) that Q(H) = Q1(H)U Q2(H) U
S(H) satisfies Hypothesis (1D) and is 7-invariant for 7 € Out(H).
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Let A = ()\go,)\’fl, e ,)\f‘) be a partition of u such that Ry # O,(H), and let
K; = GL(\i, ¢°) and W; = GL(A;,¢%) 1 S(8;) for 1 <4 < {¢. Thus A\; < u for all 4,
and by induction, Q(K;) = CR*(K;) satisfies Hypothesis (1D) for By(K;) and is 7-
invariant for 7 € Out(XK;). By (1E), Q(W;) = CR*(W;) and Q(Ng(Ry)) = CRE(A)
both satisfy Hypothesis (1D) for Byo(W;) and Bo(Ng(Ry)) and they are 7-invariant
for 7 € Out(W;) and 7 € Out(Ng(R))), respectively.

Suppose A; is not a power of r for some i. Then Q¢ (k,)(0) = 0, Qcyw,)(0) =
Qe (k) (0)1S(8:) = 0 and so Qe vy, (ry)) (0) = Hﬁ:o Qe w;)(0) = (. In particular,
by (1A) (b),

> (-D)9KNg(C), Bod,U) = 0.
CEeCRy(N)/Nu(Ry)

Suppose each \; is a power of r, and we may suppose \; = r* for all i > 0. Thus
(Bo, B, ... ,Be) is an r-weight sequence, Q¢ (x,)(0) = Qx, ((5:)) and

14
Qcova(ra) (0) = [ [ Q. ((653)) 1S(8)).
i=0

It follows by (4A) that there is a defect preserving bijection between Q¢ (v, (r,))(0)
and Qg ((Bo, 1, ---,0¢)), which is compatible with 7 € Out(H).

Let ¢ (Co(H)) be the chain O, (H) < Rx, Qc¢ym)(0) = 0 or Qx((d5:)) according
to whether u is not a power of r or u = rf, and Qe (x) = Qu((Bo, Br, - -+, Be))-
Then

Irr(H, Bo) = Q¢ (m)(0) UQCO(H)(%\) (disjoint),
A

where A runs over the r-weight partitions of u. Now

CR*(H) = UCR}{(,U) (disjoint),

where p runs over the partitions of u such that p is not the partition (u). Thus
Q(H) = CR*(H) satisfies Hypothesis (1D) for Bo(H) and Q¢ () (0) given above,
and Q(H) is T-invariant for 7 € Out(H). This completes the proof. O

(4D). Let G = GL(n,q) = GL(V) such that O,(G) = 1.
(a) If n = me for some integer m, then

Z (_1)|C|k(NG(C)aB0ada U) =0
CeCR*(G)/G

for any integer d > 0 and any U < Out(QG).
(b) Dade’s invariant conjecture holds for each r-block B of G with defect d(B) >
1.

Proof. (a) Suppose G = GL¢(me, q) and C € CRE(N), where A = ()\go, )\?1, ceey
Au) is a partition of m. If )\; is not a power of r and K = GL()\;, ¢%), then by
(4C), CR*(K) satisfies Hypothesis (1D) and is 7-invariant for each 7 € Out(K), so
that

Z (_1)|C|k(NK(C)7BO7d7 UK) 207
CeCR*(K)/K
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where Ug < Out(K). If L = (1;, GL(\;, ¢°)), then

Z (_1)|C|k(NL(C)aBOad; UL) = 07
CeCR*(L)/L
for Uz, < Out(GL (e, q)), since CR*(L) = CR*(K) and CR*(K) is T-invariant for
each 7 € Out(GL (e, q)). Thus by (1E),

> (=D)I%(Nw(C), Bo,d,Uw) =0,

CECR* (W)W
where W = (1;, GL(\;, ¢°)) 0 S(Bi), Uw < Out(GL(eB;\i, q)). By (1A) (b),
> (=11 (N (g, (C), Bo,d, U) = 0.
CECRE(N)/Ng(Ry)

We may suppose \; = ¢ for each i, so that 8 = (89,51, .. ,B.) is an r-weight
sequence. Thus

1Q6((Bo, B, -+ Bu))| = k(e + (r* = 1)/e, 6o) [ [ K((r* = r*7") e, i)
i=1

and Irr(By(G)) = UB Qc(B), where 3 runs over all r-weight sequences. Let Q3 =
Irr(Bo(K;))\Qk, ((w})), where wé = 0y and (w}) = (wh,w},...). We may suppose
[y,7:] =1fory e Out(GLe(er q)). Then by (4C),

Z (_1)‘C‘k(NL(C)7 BOv da UL) + k(<Ti7 Q%(,% da UL) =0,
CeCR*(L)/L,|C|#0

where L = (1;, K;), U, < Out(GL(er?, q)) and (7, Qi) denotes the characters of
Irr(L) covering Q% . By (1A) and (1E),

Z (—1)“k(Nng (ry) (C), Bo,d, U)
CeCRE(N)/Na(Rx),|Cl#1

u

i=0
Therefore
> DMKV (s,)(C), Bo,d.U)
CeCREL(MN)/Na(Rx)
v .
= k([ (7, Q. ((w))) 1S(6:)). 4, U).

i=1

Now [Qg, ((w}))| = r* —r2~! or r® according to whether i > 1 or i = 0, and

each character of Q,((w})) is labelled by (A,1) for some A € (.7-'(‘}6”)*, where
(FoXiys = Fot or Fye(r,a) according to whether ¢ > 1 or i = 0. Since 7; induces
a field automorphism of order e on K; = GL(r?, ¢¢), it follows that

|7, Qe (W) = (r* =71 /e or e+ (r* —1)/e

according to whether i > 1 or ¢ = 0. If a character x € (7, Qg ((w}))) is not
an extension of the trivial character, then x is labelled by (A’,1) for some A" €
(Fgt*)*, where (Fg+*)* is defined similarly as before. It follows from (1A) (a)
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that there exists a defect preserving bijection, compatible with elements of Out(G),

between
u

[T Qi ((wi))) 1S(5:)

i=0
and Q¢ ((Bo, B1,-- -, 0u)). Thus
> (—D)'“IK(Nng (5y)(C), Bo, d,U)
CECRE(N)/Na(Ry)
+k(Qc((Bo; B1,- -+ 5 Bu)),d,U) =0
for all r-weight partitions A = ()\go, ..., A%4) of m. This proves part (a).

(b) If B = By = By(G) is the principal block, then Dade’s invariant conjecture
for B follows by (3B) and part (a) above.

Suppose B # By and by (3B), we may suppose B is labelled by (s,—). By (3C)
and (1A), we may suppose L = Cg(s) = Lr = GL (mr(s), ¢°r), so that s = sr.
Let R=0,(Z(Lr)) and let C:1 < P; <...< P, be a chain of L(Br) (see (3C)).

Suppose R = 1, so that r and ¢°F —er are coprime. Let Q; = Quyar (O (Cr. (P;)))
for all i > 1, where ar = a(dr). Then

(C):1<Q1<...<Qu

is a chain of CR*(Lr) and Np.(C) = Np.(¢(C)). Since P; = Q,(Q;), it follows
that Noue(zr)(C,€) = Nows(zr) (¢(C),§) for any § € Irr(Np,.(C)), and CR*(Br) =
{o(C):C € L(Br)}. But s € Z(Lr), so

k(NLr (0)7 BF; da U) = k(NLF (C)a BO(LF)a da U)

for all integers d > 0 and U < Out(Lr). Thus Dade’s invariant conjecture for Br
follows by part (a).
Suppose R # 1, so that Q,(R) < P;. Define

(©): 1<Qu(R)< P <...<P, ifQR)# P,
Nl1<P<...<P, if Q,(R) = P;.

Then @ ﬁ(BF) — L:(BF), NLF(C) = NLF(SD(C)), and NOut(Lp)(Cvg) =
=C.

Nout(r) (¢(C),§) for any & € Trr(N.(C)), [¢(C)| = [C| £ 1 and p(p(C)) It
follows that
Z (_1)|C|k(NLF(C)7BF7d7 U) =0
CeL(Br)/Lr
for all integers d > 0 and U < Out(Lr). This completes the proof. O
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