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DADE’S INVARIANT CONJECTURE
FOR GENERAL LINEAR AND UNITARY GROUPS

IN NON-DEFINING CHARACTERISTICS

JIANBEI AN

Abstract. This paper is part of a program to study the conjecture of E. C.
Dade on counting characters in blocks for several finite groups.

The invariant conjecture of Dade is proved for general linear and unitary
groups when the characteristic of the modular representation is distinct from
the defining characteristic of the groups.

Introduction

Let G be a finite group, r a prime and B an r-block. In [7] Dade introduced
several conjectures on counting the numbers of ordinary irreducible characters in
B with a fixed defect and announced that his final conjecture can be proved by
verifying it for all non-abelian finite simple groups. The final conjecture has been
verified for 15 sporadic simple groups, the simple Tits group, L2(q) and Sz(22m+1),
and for 2G2(32m+1), G2(q) (with q 6= 3, 4) and 3D4(q) in non-defining character-
istics. The ordinary conjecture has been verified by Olsson, Uno and the author
for Sn, 2F4(22m+1) in non-defining characteristics, and general linear groups in the
defining characteristic. In this paper, we prove the invariant conjecture for a gen-
eral linear or unitary group G in non-defining characteristics. The reductions used
in this paper can also be applied to other classical groups.

In Section 1, we fix some notation, state the invariant conjecture and prove three
lemmas. In Section 2, we reduce the family of radical chains to a simple G-invariant
subfamily, central radical chains CR(G). Given an r-block B, in Section 3, we first
reduce the family CR(G) to its subfamily consisting of chains whose fixed-point
subspace of each non-trivial subgroup has the same dimension as that of a defect
group of B, then using the perfect isometries given by Broué, we reduce the final
calculation for an r-block to that of the principal block. In the last section, we prove
the invariant conjecture for the principal block using results of Fong, Srinivasan [10]
and Olsson [12].

1. Dade’s conjecture and lemmas

Let R be an r-subgroup of a finite group G. Then R is radical if Or(N(R)) = R,
whereOr(N(R)) is the largest normal r-subgroup of the normalizerN(R) = NG(R).
Let Blk(G) be the set of r-blocks B of G, D(B) a defect group of B and Irr(G) the
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set of all irreducible ordinary characters of G. If H ≤ G, then denote Blk(H |B) =
{b ∈ Blk(H) : bG = B} (in the sense of Brauer).

Given an r-subgroup chain

C : P0 < P1 < · · · < Pw(1.1)

of G, define the length |C| = w, Ck : P0 < P1 < · · · < Pk, C(C) = CG(Pw), and

N(C) = NG(C) = N(P0) ∩NG(P1) ∩ · · · ∩NG(Pw).

The chain C is said to be radical if it satisfies the following two conditions:
(a) P0 = Or(G) and (b) Pk = Or(N(Ck)) for 1 ≤ k ≤ w.

Denote by R = R(G) the set of all radical r-chains of G.
Suppose 1→ G→ E → E → 1 is an exact sequence, so that E is an extension of

G by E. Then E acts on R by conjugation. Given C ∈ R(G) and ξ ∈ Irr(NG(C)),
let NE(C) andNE(C, ξ) be the stabilizers of C and the pair (C, ξ) in E, respectively,
so that

NE(C, ξ)/NG(C) ' NE(C, ξ) = NE(C, ξ)G/G.

For B ∈ Blk(G), an integer d ≥ 0 and U ≤ E, let k(N(C), B, d, U) be the number
of characters in the set

Irr(N(C), B, d, U) = {ξ ∈ Irr(N(C), B, d) : NE(C, ξ) = U}.
Dade in [7] gives the following conjecture.

Dade’s Invariant Conjecture. If Or(G) = 1 and B is an r-block of G with defect
d(B) > 0, then for any integer d ≥ 0,∑

C∈R/G
(−1)|C|k(N(C), B, d, U) = 0.(1.2)

Let Aut(G) and Out(G) be the automorphism and outer automorphism groups
of G, respectively. Then we may suppose E ≤ Out(G).

Let m be a positive integer and a(m) the integer such that ra(m) is the exact
power of r dividing m. Set a(G) = a(|G|) when G is a finite group and a(χ) =
a(χ(1)) when χ is a character of G.

Let H = H1 × H2 be a direct product of two finite groups H1 and H2, and
let πi be the natural projection from H onto Hi for i = 1, 2. If C ∈ R(H) is
given by (1.1), then each πi(Pt) is a radical subgroup of

⋂t−1
`=0NHi(πi(P`)). In

general, Or(Hi) ≤ πi(P1) ≤ πi(P2) ≤ . . . ≤ πi(Pw) is not a radical chain of Hi. Let
Y = {πi(P`) : 0 ≤ ` ≤ w} and suppose |Y| = u. Relabel the subgroups in Y

Y = {Q0, Q1, . . . , Qu}
such that Qi < Qi+1 for 0 ≤ i ≤ u − 1. Thus Q0 < Q1 < . . . < Qu is a radical
chain of Hi, which is denoted by πi(C).

(1A). Let H1 and H2 be two finite groups, n a nonnegative integer, Bi ∈ Blk(Hi)
and R(Bi) the subfamily of R(Hi) consisting of chains C such that Blk(NHi(C)|Bi)
6= ∅.

(a) Suppose Xi ⊆ Irr(Hi) for i = 1, 2, and ψ is a defect preserving bijection
between X1 and X2. In addition, let Ki = Hi o S(n), and let Xi o S(n) be the subset
of Irr(Ki) consisting of all characters covering a character of (Xi)n, where S(n) is
the symmetric group on n letters. Then ψ can be extended to a defect preserving
bijection Ψ between X1 o S(n) and X2 o S(n). Moreover, if τ is an automorphism
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of Ki for i = 1, 2 such that (Hi)τ = Hi, ψ(η)τ = ψ(ητ ) and yτ = y for each
η ∈ X1 and y ∈ S(n). Then τ is compatible with Ψ, that is, Ψ(χ)τ = Ψ(χτ ) for
χ ∈ X1 o S(n).

(b) Let H = H1 × H2 and B = B1 × B2 ∈ Blk(H). In addition, let L(Bi)
be an Hi-invariant subset of R(Bi), and L(B) a subset of R(B) consisting of all
chains C such that πi(C) ∈ L(Bi) for i = 1, 2. Suppose U is a subgroup of Out(H)
generated by τ1, . . . , τt and suppose τj = π1(τj) × π2(τj), where each πi(τj) is an
automorphism of Hi. Let Ui = 〈πi(τ1), . . . , πi(τt)〉 for i = 1, 2. Then∑

C∈L(B)/H

(−1)|C|k(NH(C), B, d, U)

=
∑

d1+d2=d

( 2∏
i=1

( ∑
C∈L(Bi)/Hi

(−1)|C|k(NHi(C), Bi, di, Ui)
))
.

Proof. (a) Let (Hi)n be the base subgroup ofKi = HioS(n), and X1 = {ξ1, . . . , ξk}.
Then X2 = {ψ(ξ1), . . . , ψ(ξk)}. If χ ∈ X1 o S(n), then the restriction χ|(H1)n of χ
to (H1)n is a character in (X1)n. If ξ ∈ (X1)n and mi is the multiplicity of ξi in
ξ, then m = (m1,m2, . . . ,mk) is called the type of ξ and ξ has an extension ξ̃ to
the stabilizer (H1)nS(m) of ξ in H1 o S(n), where S(m) is the Young subgroup of
S(n) of type m. If ζ ∈ Irr(S(m)), then χ = IndH1oS(n)

(H1)nS(m)(ξ̃ζ) ∈ Irr(K1), and each
character of X1 o S(n) is of this form. Define

Ψ(χ) = IndH2oS(n)
(H2)nS(m)(ψ(ξ̃)ζ),

where ψ(ξ̃) is an extension of the character ψ(ξ) ∈ (X2)n whose multiplicity of
ψ(ξi) is mi. Then Ψ(χ) ∈ X2 o S(n) and Ψ is a bijection. Moreover, d(Ψ(χ)) =
a((H2)nS(m)) − a(ψ(ξ)) − a(ζ) and d(χ) = a((H1)nS(m)) − a(ξ) − a(ζ). Thus
d(χ) = d(Ψ(χ)) if and only if

na(H2)− a(ψ(ξ)) = na(H1)− a(ξ).

But na(H2)− a(ψ(ξ)) =
∑k

j=1 mjd(ψ(ξj)) and na(H1)− a(ξ) =
∑k

j=1 mjd(ξj), so
Ψ is defect preserving. Since ψ(η)τ = ψ(ητ ) for η ∈ X1 and yτ = y for y ∈ S(n), it
follows that Ψ(χ)τ = Ψ(χτ ).

(b) Given C(0) ∈ L(B) with length s ≥ 0, let X = X1 × X2 be the final
subgroup of C(0), where Xi ≤ Hi. If s ≥ 1, then X is a radical subgroup of
NH(C(0)s−1) = N1 ×N2 with X 6= Or(NH(C(0)s−1)), where X1 ≤ N1 ≤ H1 and
X2 ≤ N2 ≤ H2. If s = 0, then Xi = Or(Hi) and we set Ni = Hi for i = 1, 2. Let
L(C(0)) be the subset of L(B) consisting of all chains C such that Cs = C(0). If
C ∈ L(C(0)) is given by (1.1), then Pt = R1(t) × R2(t) with X1 ≤ R1(t) ≤ N1

and X2 ≤ R2(t) ≤ N2 for s ≤ t ≤ w. Fix a radical subgroup Y1 of NN1(X1) with
X1 6= Y1 and fix an integer u ≥ s+ 1. LetM(C(0), Y1, u) be the subset of L(C(0))
consisting of all chains C given above such that R1(u) = Y1 and R1(t) = X1 for
s ≤ t ≤ u−1 up to conjugacy in NH(C(0)), so that we may suppose Pu = Y1×R2(u)
and X2 ≤ R2(u − 1) ≤ R2(u). Let M0(C(0), Y1, u) and M+(C(0), Y1, u) be the
subsets of M(C(0), Y1, u) consisting of chains C such that R2(u − 1) = R2(u) and
R2(u − 1) 6= R2(u), respectively. If C ∈ M0(C(0), Y1, u) is given by (1.1) with
u ≥ s+ 2, then

ϕ(C) : Or(H) < P1 < . . . < Pu−2 < Pu < . . . < Pw
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is a chain of R(B) and

NNH(C(0))(C) = NNH(C(0))(ϕ(C)).(1.3)

Since πi(C) = πi(ϕ(C)), it follows that ϕ(C) ∈ M+(C(0), Y1, u − 1). Conversely,
if C is a chain of M+(C(0), Y1, u) given by (1.1) with u ≥ s+ 1, then

ϕ(C) : Or(H) < P1 < . . . < Pu−1 < P < Pu < . . . < Pw

is a chain of M0(C(0), Y1, u+ 1) and (1.3) still holds, where P = X1 ×R2(u). Let

S(C(0), Y1) =
( ⋃
u≥s+2

M0(C(0), Y1, u)
)
∪
( ⋃
u≥s+1

M+(C(0), Y1, u)
)
.(1.4)

Then ϕ(C) is a map from S = S(C(0), Y1, u) to itself such that ϕ(ϕ(C)) = C and
|ϕ(C)| = |C| ± 1.

Suppose χ ∈ Irr(NH(C), B, d) and χτ = χ for some τ ∈ U . Then χ = χ1×χ2 and
τ = π1(τ)×π2(τ), where χi ∈ Irr(Hi) and πi(τ) ∈ Ui for i = 1, 2. Thus χπi(τ)

i = χi
and χ ∈ Irr(NH1(π1(C)), B1, d1, U1)×Irr(NH2(π2(C)), B2, d2, U2), where di = d(χi)
for i = 1, 2. Conversely, if χi ∈ Irr(NHi(πi(C)), Bi, di, Ui) with d1 + d2 = d and if
χ = χ1 × χ2, then χ ∈ Irr(NH(C), B, d, U), so that

Irr(NH(C), B, d, U)

=
⋃

d1+d2=d

Irr(NH1(π1(C)), B1, d1, U1)× Irr(NH2(π2(C)), B2, d2, U2).(1.5)

Since πi(C) = πi(ϕ(C)) for i = 1, 2, k(NH(C), B, d, U) = k(NH(ϕ(C)), B, d, U)
and ∑

C∈S/NH(C(0))

(−1)|C|k(NH(C), B, d, U) = 0

for all d ≥ 0.
Let C ∈ L(C(0))\(

⋃
Y1
S(C(0), Y1)) be a chain given by (1.1), where Y1 runs

over all radical subgroups of NN1(X1) with Y1 6= X1. Then either Pt = X1 ×R2(t)
for all s ≤ t ≤ w or Ps+1 = Z1×X2 for some radical subgroup Z1 of NN1(X1) with
Z1 6= X1. Let

L∗(B) = R(B)
∖( ⋃

C(0),Y1

S(C(0), Y1)
)
,

where C(0) runs overR(B) and Y1 runs over all radical subgroups of NN1(X1) with
Y1 6= X1.

Suppose C ∈ L∗(B) is given by (1.1) with Pt = R1(t)×R2(t). If R1(1) = Or(H1),
then R1(w) = Or(H1), and we set u = u(C) = 0. If R1(1) 6= Or(H1), then
R2(1) = Or(H2), and there exists the largest integer u = u(C) ≥ 1 such that
R1(u − 1) < R1(u) = R1(u + 1). Thus R2(u) = Or(H2) and R2(t) 6= R2(t− 1) for
all u+ 1 ≤ t ≤ w, so that R1(t) 6= R1(t− 1) for all 1 ≤ t ≤ u and R1(t) = R1(t− 1)
for all u + 1 ≤ t ≤ w. Define ϕ1(C) : Or(H1) < R1(1) < . . . < R1(u) and
ϕ2(C) : Or(H2) < R2(u+ 1) < . . . < R2(w). Then ϕi(C) = πi(C) ∈ L(Bi).

Let C(0) ∈ L∗(B) such that u(C(0)) = |C(0)|, and let L∗(C(0)) = L∗(B) ∩
L(C(0)). Then NH(C(0)) = N1 × H2 and NH(C) = N1 × NH2(ϕ2(C)), where
N1 = NH1(ϕ1(C(0))) and C ∈ L∗(C(0)). Moreover, ϕ2 induces a bijection between
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L∗(C(0)) and L(B2), and |ϕ2(C)| = |C| − |C(0)|. A similar proof to that of (1.5)
shows that

k(NH(C), B, d, U) =
∑
s+t=d

k(N1, B1, s, U1)k(NH2(ϕ2(C)), B2, t, U2)

and moreover,∑
C∈L∗(C(0))/NH(C(0))

(−1)|C|k(NH(C), B, d, U) =
∑
t≥0

∑
s+t=d

(−1)|C(0)|k(N1, B1, s, U1)

×
∑

C∈L(B2)/H2

(−1)|C|k(NH2(C), B2, t, U2).

Let L+(B) = L∗(B)\(
⋃
C(0) L∗(C(0))), where C(0) runs over all chains of L(B)

such that u(C(0)) = |C(0)|. Then ϕ1 induces a bijection from L+(B) to L(B1)
such that |ϕ1(C)| = |C| and NH(C) = NH1(ϕ1(C)) × H2. Thus (b) follows by
L∗(B)/H =

⋃
C∈L+(B)/H L∗(B)/NH(C).

Hypothesis (1B). For a finite group X, suppose an X-invariant subfamily L(X)
of R(X) has an X-invariant decomposition

L(X) = L1(X) ∪ L2(X) (disjoint)(1.6)

satisfying the following condition:
There exists a bijection ϕ between the X-invariant subfamilies L1(X) and L2(X)

such that for each C ∈ L1(X) given by (1.1), ϕ(C) is given by

ϕ(C) : Or(X) < P1 < . . . < Pv < Q < Pv+1 < . . . < Pw(1.7)

for an integer v = v(C) and a radical subgroup Q = Q(C) of N(Cv).

Set v(ϕ(C)) = v(C) = v. Let n be a positive integer, H = X o S(n), and let
Y = X1 ×X2 × . . .×Xn be the base subgroup of H , where Xi is a copy of X . In
addition, let πi be the natural projection of Y onto Xi for 1 ≤ i ≤ n and L(H) the
subfamily of R(Y ) consisting of chains C such that πi(C) ∈ L(Xi) = L(X) for all
i. Then L(H) is H-invariant.

Let M(H)/H be the subset of chains C ∈ L(H) given by (1.1) such that each
Pi = Qni for some subgroup Qi of X , and let M(H) be the subfamily of L(H)
consisting of H-orbits of M(H)/H . For C ∈ M(H)/H , πi(C) = πj(C) for all i, j,
|C| = |πi(C)| and

NH(C) = NX(π(C)) o S(n),

where π(C) = π1(C), viewed as a chain of X . In particular, π is a bijection between
M(H)/H and L(X)/X .

If m = (n1, . . . , nt) is a sequence of positive integers such that |m| = n1 + n2 +
. . .+ nt = n, then X o S(m) = H1 ×H2 × . . .×Ht is a subgroup of H , where each
Hi = X o S(ni). Let πni be the projection from X o S(m) onto Hi for all i.

(1C). In the notation above, suppose C ∈ L(H). Then there is a sequence m =
m(C) = (n1, . . . , nt) of positive integers such that πni(C) ∈ M(Hi), |m| = n and

NH(C) = NX(C(1)) o S(n1)×NX(C(2)) o S(n2)× . . .×NX(C(t)) o S(nt),(1.8)
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where C(i) = π(πni(C)) ∈ L(X). Moreover, L(H) satisfies Hypothesis (1B) and if
C ∈ L1(H) with NH(C) given by (1.8), then there is an integer s = s(C) ≥ 1 such
that

NH(Φ(C)) = NX(C(1)) o S(n1)× . . .×NX(C(s − 1)) o S(ns−1)

×NX(ϕ(C(s))) o S(ns)×NX(C(s+ 1)) o S(ns+1)(1.9)

× . . .×NX(C(t)) o S(nt),

where Φ(C) ∈ L2(H). In particular, C(s) ∈ L1(X).

Proof. Suppose R is a radical subgroup of the base subgroupNX(π(C))n of NH(C),
where C is a chain of M(H)/H . Then

R = Rn1
1 ×Rn2

2 × . . .×Rntt(1.10)

for some sequence m = (n1, . . . , nt) with |m| = n, where Ri 6= Rj for i 6= j viewed
as subgroups of X . Thus

NNH(C)(R) = NNX(π(C))(R1) o S(n1)× . . .×NNX(π(C))(Rt) o S(nt)(1.11)

and NNX(π(C))(Ri) o S(ni) = NNHi (πni (C))(R
ni
i ) for all i ≥ 1.

If C is given by (1.1) and R 6= Or(NH(C)) such that C′ : Or(H) < P1 < . . . <
Pw < R is a chain of L(H), then πni(C′) ∈ M(Hi)/Hi and

NNX(π(C))(Ri) o S(ni) = NX(C′(i)) o S(ni) = NHi(πni(C
′))

for all i, where C′(i) = π(πni (C′)) ∈ L(X). It follows by induction on n that for
each C ∈ L(H), NH(C) is of the form (1.8) for some sequence m = m(C).

Fix a sequence m = (n1, . . . , nt), let L(m) be the subfamily of L(H) consisting
of chains C such that m(C) = m, so that L(H) is a disjoint union of L(m)’s,
NH(C) satisfies (1.8) for each C ∈ L(m), L(m) is X oS(m)-invariant and NH(C) =
NXoS(m)(C).

Suppose C ∈ L(m) is given by (1.1), C(i) = π(πni(C)) for all i, and for some
fixed `,

C(`) : Or(X) < Q1 < . . . < Qv < . . . < Qu,(1.12)

where v = v(C(`)). Then each Pj has a decomposition

Pj = Wn1
j,1 ×W

n2
j,2 × . . .×W

nt
j,t ,(1.13)

where Wj,` ≤ {Or(X), Q1, . . . , Qu} for all j. Since C(`) = π(πn`(C)), there is an
integer m` = m`(C) such that Wm`,` = Qv and Wm`+1,` 6= Qv, so that Wm`+1,` =
Qv+1. If Q = Q(C(`)), then by definition, Q = Qv+1 or Q < Qv+1 according to
whether C(`) ∈ L2(X) or C(`) ∈ L1(X). Thus

Q(n`) = Wn1
m`,1
× . . .×Wn`−1

m`,`−1 ×Qn` ×W
n`+1
m`,`+1 × . . .×W

nt
m`,t
≤ Pm`+1(1.14)

and define

Φn`(C) : P0 < . . . < Pm` < Q(n`) ≤ Pm`+1 < . . . < Pw.(1.15)

It follows that Φn`(C) ∈ L(m) and NH(Φn`(C)) has the form (1.9) with s = `
when Φn`(C) 6= C.

Let L1(m) be a subfamily of L(m) consisting of chains C ∈ L(m) such that

C = Φn1(C) = . . . = Φns−1(C), Φns(C) 6= C,
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and define s(C) = s for C ∈ L1(m). In addition, let L2(m) be the subfamily
of L(m) consisting of the chains C ∈ L(m) such that C = Φns(C′) for some
C′ ∈ L1(m) with s = s(C′). Then L1(m) and L2(m) are X o S(m)-invariant.

Suppose C ∈ L(m)\(L1(m)∪L2(m)) 6= ∅ and suppose NH(C) is given by (1.8).
If C(1) is given by (1.12) with v = v(C(1)). By (1.15), Φn1(C) ∈ L(m), and since
C 6∈ L1(m), it follows that Q(n1) = Pm1+1, where Q(n1) is given by (1.14). Let

α(C) : P0 < . . . < Pm1 < Pm1+2 < . . . < Pw,(1.16)

so that α(C) ∈ L(H). If α(C) ∈ L(m), then Φn1(α(C)) = C and so C ∈ L2(m),
which is impossible. Thus m(α(C)) 6= m(C) and NH(C) is a proper subgroup of
NH(α(C)). Since πni(α(C)) ∈ M(Hi)/Hi for all i and since NH(α(C)) is of the
form (1.8), it follows that there is some ni, say n2, such that

πn1+n2(α(C)) ∈M(X o S(n1 + n2))/X o S(n1 + n2).(1.17)

In particular, πn1(α(C)) = πn2(α(C)). If P+
j =

∏t
k=3W

nk
j,k for all j ≥ 0, then

Pm1 = Qn1
v ×Qn2

v ×P+
m1

, Pm1+1 = Qn1×Qn2
v ×P+

m1
and Pm1+2 = Zn1×Zn2×P+

m1+2

for some r-subgroup Z of X . In particular, Qv < Q ≤ Z,

Q(n2) = Qn1 ×Qn2 × P+
m1

and Φn2(C) is the chain

Φn2(C) : P0 < . . . < Pm1 < Pm1+1 < Q(n2) ≤ Pm1+2 < . . . < Pw.

If Φn2(C) = C, then Z = Q, P+
m1

= P+
m1+2, m2 = m1 + 1, and C ∈ L2(m). If

Φn2(C) 6= C, then C ∈ L1(m). This is impossible, so that L(m) = L1(m)∪L2(m)
and (1C) follows.

Suppose b is a block of X with positive defect. For C ∈ R(X), let

Irr(NX(C), b) =
⋃

b1∈Blk(NX(C)|b)
Irr(b1)

and if X ⊆ Irr(NX(C)), then denote Irr(X , b) = X ∩ Irr(NX(C), b).

Hypothesis (1D). Suppose an X-invariant subfamily Q(X) of R(X) has an X-
invariant decomposition

Q(X) = Q1(X) ∪ Q2(X) ∪ S(X) (disjoint)(1.18)

satisfying the following two conditions:
(a) The family Q1(X) ∪ Q2(X) satisfies Hypothesis (1B) and for each C ∈

Q1(X), there is a defect preserving bijection ψ between Irr(NX(C), b) and
Irr(NX(ϕ(C)), b).

(b) For each C ∈ S(X) given by (1.1), there are some maps ϕ such that ϕ(C) ∈
S(X) is given by (1.7) with Q ≤ Pv+1, and

Irr(NH(C), b) = ΩC(0)
⋃
ϕ

ΩC(ϕ) (disjoint),

where ϕ runs over the maps with C 6= ϕ(C). Moreover, there is a defect preserving
bijection ψ between ΩC(ϕ) and Ωϕ(C)(0), and if |C| 6= 0, then ϕ(C′) = C for a
unique chain C′ ∈ S(X) and map ϕ.
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For τ ∈ Aut(X) the family Q(X) is called τ-invariant if τ stabilizes C ∈ Q1(X)∪
S(X) if and only if τ stabilizes ϕ(C), and each defect preserving bijection ψ is
compatible with τ .

Let b(Y ) = bn be the block of the base subgroup Y = Xn of H = X o S(n).
Since CH(D(b(Y ))) ≤ Y , b(Y )H is a regular block B of H . Denote by Q(H) the
subfamily of R(Y ) consisting of the chains C such that πi(C) ∈ Q(X) for each
i ≥ 1, where πi is the natural projection of Y onto its i-th component Xi = X .

(1E). In the notation above, suppose Q(X) satisfies Hypothesis (1D) for b.
(a) Then Q(H) also satisfies Hypothesis (1D) for the block B = b(Y )H and if

C0(X) ∈ S(X), then ΩC0(H)(0) = ΩC0(X)(0)oS(n), where C0(K) is the radical chain
of a finite group K with length 0. Moreover, if τ ∈ Aut(H) such that Xτ

i = Xi and
yτ = y for all y ∈ S(n) and if Q(X) is compatible with τ , then Q(H) is compatible
with τ .

(b) Given i = 1, 2, suppose each Mi is a finite group and Q(Mi) is an Mi-
invariant subfamily of R(Mi) satisfies Hypothesis (1D) for Bi ∈ Blk(Mi). Let
M = M1 ×M2 and let Q(M) be the subfamily of R(M) consisting of chains C
such that πi(C) ∈ Q(Mi). Then Q(M) satisfies Hypothesis (1D) for the block
B1 × B2 and if each C0(Mi) ∈ S(Mi), then C0(M) ∈ S(M) and ΩC0(M)(0) =
ΩC0(M1)(0) × ΩC0(M2)(0). In addition, if τ ∈ Aut(M) stabilizes each Mi and each
Q(Mi) is τ-invariant, then Q(M) is τ-invariant.

Proof. (a) Suppose C ∈ Q(H) and b(C) ∈ Blk(NH(C)). Then NH(C) is of the
form (1.8) for some sequence m, and K =

∏t
i=1 NX(C(i))ni is a normal subgroup

of NH(C). We claim that b(C) ∈ Blk(NH(C)|B) if and only if b(C) covers a block
bK ∈ Blk(K|b(Y )). By induction, we may suppose t = 1, so that n = n1. Thus
NH(C) = NX(C(1)) o S(n), K is the base subgroup of NH(C) and b(C) is regular.
If (bK)Y = b(Y ) and b(C) covers bK , then (bK)NH(C) = b(C), (bK)H = B and
b(C)H = B. Conversely, if b(C)H = B and b(C) covers bK , then ((bK)Y )H = B =
b(Y )H , so that B covers both (bK)Y and b(Y ), and hence (bK)Y is conjugate to
b(Y ) in H . But b(Y ) = bn is H-invariant, so (bK)Y = b(Y ) and the claim holds. In
particular,

Irr(NH(C), B) =
t∏
i=1

Irr(NX(C(i)), b) o S(ni).(1.19)

Let Q0(H) be the subfamily of Q(H) consisting of chains C such that in the
decomposition of NH(C) given by (1.8), C(i) ∈ Q1(X) ∪ Q2(X) for some i. Then
Q0(H) is H-invariant and the same proof as that of (1C) with some obvious mod-
ifications shows that Q0(H) = Q1(H) ∪ Q2(H) satisfies Hypothesis (1B).

Suppose C ∈ Q1(H) with NH(C) given by (1.8) and Φ(C) ∈ Q2(H) with
NH(Φ(C)) given by (1.9). Then C(s) ∈ Q1(X) and by Hypothesis (1D), there is
a defect preserving bijection ψ between Irr(NX(C(s)), b) and Irr(NX(ϕ(C(s))), b).
By (1A) (a) and (1.19), ψ can be extended to a defect preserving bijection Ψ be-
tween Irr(NH(C), B) and Irr(NH(Φ(C)), B). ThusQ0(H) satisfies Hypothesis (1D)
for B, and moreover, if Q(X) is τ -invariant, then so is Q0(H). We may suppose
Q1(X) = Q2(X) = ∅, so that Q(H) = S(H).

Suppose C ∈ Q(H) with NH(C) given by (1.8). Let ΣC(i) = Irr(NX(C(i)), b) o
S(ni), ΣC(i)0 = ΩC(i)(0) o S(ni) and ΣC(i)+ = ΣC(i)\ΣC(i)0. If C = C0(H), then



DADE’S CONJECTURE FOR GLε(n, q) 373

n = n1 and we define ΩC(0) = ΩC0(X)(0) o S(n). Suppose

ΩC(0) =
∏
i∈I0

ΣC(i)0 ×
∏
j∈I1

ΣC(j),(1.20)

where I0 ∪ I1 is a partition of {1, 2, . . . , t}. By reordering, we may suppose I0 =
{1, 2, . . . , k} and I1 = {k + 1, . . . , t}. In addition, if ϕ(C(i)) = C(i) for all maps
ϕ, then by definition, ΩC(i)(0) = Irr(NX(C(i)), b) and so ΣC(i)0 = ΣC(i). Thus
we may suppose for each i ∈ I0, there is some map ϕ such that ϕ(C(i)) 6= C(i),
and suppose I0 6= ∅. Let Σ+

C =
∏t
i=k+1 ΣC(i) and ΩC(+) = Irr(NH(C), B)\ΩC(0).

Then ΩC(+) is a disjoint union

ΩC(+) =
k⋃
`=1

(
`−1∏
i=1

ΣC(i)× ΣC(`)+ ×
k∏

i=`+1

ΣC(i)0 × Σ+
C).(1.21)

For simplicity of notation, we suppose each Irr(NX(C(`)), b) = ΩC(`)(0)∪ΩC(`)(ϕ`).
Since ΩC(`)(0)∩ΩC(`)(ϕ`) = ∅, it follows that there is a defect preserving bijection
between ΣC(`)+ and the disjoint union⋃

1≤n`,2≤n`

⋃
n`,1+n`,2=n`

ΩC(`)(0) o S(n`,1)× ΩC(`)(ϕ`) o S(n`,2),

and we may identify these two sets. Fix nonnegative integers n`,1, n`,2 such that
n`,1 + n`,2 = n` and n`,2 ≥ 1. Define a chain Φ(C) as (1.15) such that

NH(Φ(C)) =
∏
i6=`

NX(C(i)) o S(ni)×NX(C(`)) o S(n`,1)×NX(ϕ`(C(`))) o S(n`,2).

This is possible since ϕ`(C(`)) 6= C(`). Thus |Φ(C)| = |C|+ 1. Let

ΩΦ(C)(0) =
`−1∏
i=1

ΣC(i)× ΩC(`)(0) o S(n`,1)

× Ωϕ`(C(`))(0) o S(n`,2)×
k∏

i=`+1

ΣC(i)0 × Σ+
C

and ΩC(Φ) =
∏`−1
i=1 ΣC(i)×ΩC(`)(0)oS(n`,1)×ΩC(`)(ϕ`)oS(n`,2)×

∏k
i=`+1 ΣC(i)0×

Σ+
C . Then

ΩC(+) = ΩC(0)
⋃
Φ

ΩC(Φ)

and by (1A) (a), the bijection ψ between ΩC(`)(ϕ`) and Ωϕ`(C(`))(0) can be extended
to a defect preserving bijection Ψ between ΩC(Φ) and ΩΦ(C)(0). Since ΩΦ(C)(0) is
also of the form (1.20), it follows by induction on |C| that for each chain C′ ∈ S(H),
ΩC′(0) is of the form (1.20) and Irr(NH(C′), B) has a required decomposition.

If I0 = ∅, then ΩC(0) = Irr(NH(C), B) and Φ(C′) = C for some C′ ∈ S(H). In
addition, if Q(X) is τ -invariant, then so is Q(H). This completes the proof.

(b) The proof of part (b) follows easily by that of (1A) (b) and part (a) above.
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2. Central radical chains

Let q = pf be a power of a prime p distinct from the odd prime r, ε = + or −,
and let e be the multiplicative order of εq modulo r and a = a(qe− ε). In addition,
let GLε(n, q) = GL(n, q) or U(n, q) according to whether ε = + or −. The radical
subgroups of G are classified by [2] and [3]. We shall follow the notation of [2].

Given integers α ≥ 0 and γ ≥ 0, let Zα be the cyclic group of order ra+α, Eγ an
extraspecial group of order r2γ+1 and ZαEγ the central product of Zα and Eγ over
Ω1(Zα) = Z(Eγ), where Z(H) denotes the center of a finite group H . Then ZαEγ
can be embedded as a subgroup of GLε(erα+γ , q), and its image Rα,γ is determined
uniquely by ZαEγ up to conjugacy in GLε(erα+γ , q).

Given an integer m ≥ 1, the image Rm,α,γ of Rα,γ under the m-fold diagonal
mapping in GLε(merα+γ , q) given by

g 7→


g

g
. . .

g

 ,

is also determined up to conjugacy. The center Z(Rm,α,γ) is cyclic of order ra+α,
so that Ωa(Z(Rm,α,γ)) = 〈z〉, where z is an element of order ra in GLε(merα+γ , q).
Moreover,

CGLε(merα+γ ,q)(z) ' GLε(mrα+γ , qe),

so that z is a primary element of GLε(merα+γ , q), where a semisimple element is
primary if it has a unique elementary divisor.

For each nonnegative integer c, let Ac denote the elementary abelian group of
order rc represented by its regular permutation representation. For any sequence
c = (c1, c2, . . . , c`) of nonnegative integers, let Ac be the wreath product Ac1 oAc2 o
. . . oAc` , |c| = c1 + c2 + . . .+ c`, and let

Rm,α,γ,c = Rm,α,γ oAc

be the wreath product in GLε(d, q), where d = merα+γ+|c|. Then Rm,α,γ,c is
uniquely determined up to conjugacy in GLε(d, q), which is called a basic subgroup
of GLε(d, q).

Let A(Rm,α,γ,c) be the intersection of all maximal normal abelian subgroups of
a basic subgroup Rm,α,γ,c and Q = Ωa(A(Rm,α,γ,c)). As shown in the proof of [2,
(4.1)] A(Rm,α,γ,c) = Z(Rm,α,γ)r

|c|
, so that Q = 〈z〉r|c| , where z ∈ GLε(merα+γ , q)

is a primary element of order ra. Thus Q is a characteristic subgroup of Rm,α,γ,c
and will be called the primary subgroup of Rm,α,γ,c.

(2A). Let G = GLε(n, q), and let V be the underlying space of G and R a radical
subgroup of G. Then there exists a corresponding decomposition

V = V0 ⊥ V1 ⊥ · · · ⊥ Vt,
R = R0 ×R1 × · · · ×Rt

(2.1)

such that R0 = 〈1V0〉 and Ri is a basic subgroup of GLε(Vi) for i ≥ 1, where
GL+(Vi) = GL(Vi) or GL−(Vi) = U(Vi) according to whether Vi is a linear or
unitary space, and Vi ⊥ Vj = Vi ⊕ Vj when V is linear. Moreover, the extraspecial
components of Ri have exponent r for i ≥ 1.
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Proof. The proof is given by [2, (4A)] and [3, (2B)].

Given H ≤ G = GLε(n, q) = GLε(V ), let CV (H) and [V,H ] be the subspaces
of V generated by the vectors of V fixed and moved by H , respectively.

Let A(R) be the intersections of all the maximal normal abelian subgroups of an
r-subgroup R ≤ G, P (R) = Ωa(A(R)) and MG(R) = Or(NG(P (R))). Then A(R)
and P (R) are characteristic subgroups of R, and

NG(R) ≤ NG(P (R)) ≤ NG(MG(R)).

If R has a decomposition (2.1), then P (R) will be called the primary subgroup of R
and a primary subgroup of G is a primary subgroup of a subgroup R with decom-
position (2.1). If Q is a primary subgroup of G, then there exists a corresponding
decomposition

V = M0 ⊥M1 ⊥ · · · ⊥Ms,

Q = X0 ×X1 × · · · ×Xs,
(2.2)

where X0 = 〈1M0〉, Xi = 〈zi〉 for i ≥ 1 such that [Mi, 〈zi〉 ] = Mi and zi is a
primary element of order ra in GLε(Mi). In particular, Xi = Rui,0,0, where ui is
an integer such that uie = dimMi for i ≥ 1. So Q has a decomposition (2.1) and

CG(Q) = GLε(M0)×
s∏
i=1

GLε(ui, qe).(2.3)

Let M(u) =
⊕

iMi and X(u) =
∏
iXi, where i runs over the indices such that

Xi = Ru,0,0. Then

NG(Q) = GLε(M0)×
∏
u≥1

NGLε(M(u))(X(u)),

NGLε(M(u))(X(u)) = NGLε(ue,q)(Ru,0,0) o S(tu),(2.4)

where tu is the number of basic components Ru,0,0 in X(u). Moreover,

NGLε(ue,q)(Ru,0,0) ' 〈GLε(u, qe), τu〉,(2.5)

where τu ∈ GLε(ue, q) has order e acting as a field automorphism on GLε(u, qe).
In the rest of this paper we suppose gcd(r, q − ε) = 1, so that Or(G) = 〈1V 〉. In

particular, r is odd and e ≥ 2.

(2B). Let GLε(u, qe) o S(v) ≤ GLε(uve, q) and W = Or(GLε(u, qe) o S(v)). If
(q, ε, r) 6= (2,+, 3), then W = (Ru,0,0)v. If (q, ε, r) = (2,+, 3), then W = (Ru,0,0)v

or Z3 o Z3 according to whether (u, v) 6= (1, 3) or (u, v) = (1, 3). In particular,
P (W ) = (Ru,0,0)v and NGLε(uv,qe)(W ) = NGLε(uv,qe)((Ru,0,0)v).

Proof. For a finite groupK, Or(K oS(v)) = Or(K)v except when r = 3, O3(K) = K
and v = 3, in which case, O3(K o S(3)) = K o Z3. Thus (2B) follows when r ≥ 5.

Suppose r = 3 and O3(GLε(u, qe)) = GLε(u, qe). Then u = 1, 3a = pef − ε,
pef = 3a+ε is even and p = 2. If ε = +, then ef = 2e1 is even, 3a = (2e1−1)(2e1 +1)
and so e1 = 1. Thus e = 2, f = 1 and q = 2. If ε = − and a = 2a1 + 1 is odd, then
ef = 2e1 + 1 is odd and

(3a1 − 1)(3a1 + 1) = 32a1 − 1 = 2ef − 2 · 32a1 = 2(22e1 − 32a1),

which is impossible, since 2|(3a1 − 1) and 2|(3a1 + 1) when a1 ≥ 1. Similarly, if
a = 2a1, then (3a1−1)(3a1 +1) = 2ef , and since 4 is not a common factor of 3a1−1
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and 3a1 + 1, either 3a1 − 1 = 2 or 3a1 + 1 = 2, which is impossible since e ≥ 2 and
3 is not a divisor of q + 1. This implies (2B).

We say that a radical chain

C : 1 < P1 < · · · < Pw(2.6)

of G = GLε(n, q) = GLε(V ) is central radical if Pk = MN(Ck−1)(Pk) for 1 ≤ k ≤ w.
By (2.4) and (2.5), P1 is a primary subgroup of G and if (q, ε, r) 6= (2,+, 3), then by
(2B), Pk = P (Pk) is a primary subgroup of CG(Ck−1) for k ≥ 1. A central radical
chain C has the following properties:

(a) There exists a decomposition

V = U0 ⊥ U1 ⊥ · · · ⊥ Uv(2.7)

such that Pj = Qj,0 ×Qj,1 × · · · ×Qj,v for all j ≥ 1, where either Qj,i is a primary
subgroup of GLε(Ui) or Qj,i is a direct product of a primary subgroup and some
(Z3 o Z3)β for all j ≥ 1 and i ≥ 0. In the latter case, (q, ε, r) = (2,+, 3). Moreover,
for each k with 1 ≤ k ≤ v, there exists j such that Qj,k 6= 1.

(b) Q1,1 6= 〈1U1〉.
(c) Qw,0 = 〈1U0〉 and [Ui, Qw,i ] = Ui for all i ≥ 1.
(d) If Qj,i = 〈1Ui〉, then Qk,` = 〈1U`〉 for all k ≤ j and ` ≥ i.
(e) If Qj,i 6= 〈1Ui〉, then [Ui, Qj,i ] = Ui.
(f) Given i ≥ 1, if j is the smallest index such thatQj,i 6= 〈1Ui〉, thenQj,k = 〈1Uk〉

for all k ≥ i+ 1.
We shall call v = z(C) the size of C. Denote by CR = CR(G) orMR =MR(G)

the set of all central radical chains of G according to whether (q, ε, r) 6= (2,+, 3) or
(q, ε, r) = (2,+, 3). Then CR and MR are G-invariant subfamilies of R.

Suppose C is central radical with decomposition (2.7). In order to compute
NE(C) for an extension E of G, we always suppose σ = σ0× σ1× . . .× σv is a field
automorphism of G such that each σi is a field automorphism of GLε(Ui) of order
f or 2f according to whether ε = + or −. In addition, suppose ι = ι0× ι1× . . .× ιv
such that each ιi is the inverse-transpose of GLε(Ui), so that [σi, ιi ] = 1 for all
i and ι is a field automorphism of order 2 when ε = −. We may always suppose
E ≤ Go 〈σ, ι〉 and Out(G) = 〈σ, ι〉.

For 1 ≤ i ≤ t, let Ii be a finite subset of positive integers, ni = {ni,j : j ∈
Ii} a set of positive integers, n = {n1,n2, . . . ,nt}, Xi = {Xi,j : j ∈ Ii} and
X = {X1,X2, . . . ,Xt}, where Xi,j is a subgroup of S(ni,j). In addition, let K be a
subgroup of GLε(m, q). Then K oX1,j for any j ∈ I1 is a subgroup of GLε(mn1,j , q).
Let K oX1 =

∏
j∈I1 K oX1,j and

K oX = K oX1 oX2 o . . . oXt

be the subgroups of GLε(m|n1|, q) and GLε(m|n|, q), respectively, where |ni| =∑
j∈Ii ni,j and |n| =

∑t
i=1 |ni|. If Xi,j = S(ni,j) for all i, j, then we set

K o S(n) = K oX.(2.8)

Given 1 ≤ i ≤ t and j ∈ Ii, let ci,j be a sequence of nonnegative integers, ni,j =
r|ci,j | and Xi,j a basic subgroup Aci,j of S(r|ci,j |). We set

K oAz = K oX,(2.9)

where z = {z1, z2, . . . , zt} such that zi = {ci,j : j ∈ Ii}. In particular, Rm,α,γ,c =
Rm,α,γ o Az with z = {c}, and if K is an r-subgroup, then so is K oAz.
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Suppose the chain C given by (2.6) is central radical with decomposition (2.7).
Then for 1 ≤ j ≤ w

Pj = Pj,0 ×Qj,1 × · · · ×Qj,i−1 ×Qj,i,
where Pj,0 is the trivial subgroup of GLε(CV (Pj)) and Qj,k 6= 1 for 1 ≤ k ≤ i. By
the property (f), i ≤ j and by (d), CV (Pj) = U0 +

∑v
k=i+1 Uk. Thus N(Cj) =

GLε(CV (Pj))×Nj,1 × · · · ×Nj,i, where Nj,k =
⋂j
`=1NGLε(Uk)(Q`,k) for 1 ≤ k ≤ i.

In particular,

N(C) = GLε(U0)×N1 ×N2 × · · · ×Nv,(2.10)

where Nk =
⋂w
`=1NGLε(Ui)(Q`,k) for all k ≥ 1. Moreover, if w = 1, then v = w = 1

and N1 = NGLε(U1)(Q1,1) is given by (2.4). If w ≥ 2, then by (2.4) (with e = 1),

Nk =
∏
i∈I′0

〈
τi,

( ∏
j∈I0

GLε(mj , q
e) o S(wj)

)〉
o S(i),(2.11)

where |τi| = e, I ′0 and I0 are sets of some positive integers, and GLε(mj , q
e) oS(wj)

is defined by (2.8) with K = GLε(mj , q
e) and wj = n.

An r-subgroup D is called a quasi-radical subgroup of G = GLε(n, q) if D =∏t
i=0 Di such that D0 is the trivial subgroup of GLε(CV (D)) and Di = Ri o Azi

for i ≥ 1, where Ri is a radical subgroup of GLε(mi, q
e) and Ri o Azi is defined by

(2.9). By [1, Theorem 2] and induction,

A(D) = D0 ×
t∏
i=1

(A(Ri))|zi|

and P (D) is a primary subgroup of GLε(n, q), called the primary subgroup of D.
Since P (MG(D)) = P (D) by (2B), it follows that

NG(D) ≤ NG(P (D)) = NG(MG(D)).(2.12)

(2C). Let G = GLε(n, q) = GLε(V ), and let C be the central radical chain (2.6)
with w ≥ 1 and decomposition (2.7).

(a) Fix 1 ≤ i ≤ v. Let Ni =
⋂w
`=1NGLε(Ui)(Q`,i), and let W be a radical subgroup

of Ni. Then W is quasi-radical, S = MNi(W ) is radical in Ni and S ≤ W . In
particular, Qw,i E S and NNi(W ) ≤ NNi(S). Moreover, if S = Qw,i, then W

is radical in N ′i =
⋂w−1
`=1 NGLε(Ui)(Q`,i) and NNi(W ) = NN ′i (W ), where N ′1 =

GLε(U1) when w = 1.
(b) If R is a radical subgroup of N(C), then R is quasi-radical. If D = MN(C)(R),

then D is radical in N(C), Pw E D ≤ R, and NN(C)(R) ≤ NN(C)(D). In addition,
if Pw 6= D, then

C′ : P0 < P1 < · · · < Pw < D

is a central radical chain of G, R is radical in N(C′), and NN(C′)(R) = NN(C)(R).
If Pw = D, then R is radical in N(Cw−1) and NN(Cw−1)(R) = NN(C)(R).

Proof. (a). Let H = Ni decompose as (2.11). By [14, 2.2, 2.3 and 2.5] and in-
duction, we may suppose H = 〈τ,GLε(m, qe) o S(z)〉. Since gcd(e, r) = 1 and
GLε(m, qe) o S(z) E H and since W ≤ GLε(m, qe) o S(z), it follows by [14, 2.1] that
we may suppose H = GLε(m, qe) oS(z). By [14, 2.3 and 2.5] and induction, we may
suppose H = GLε(m, qe). Thus W is quasi-radical. By (2.12), Or(NNi(S)) = S
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and S is radical in Ni, so that Qw,i ≤ S. Since NNi(W ) ≤ NNi(S), it follows that
W is radical in NNi(S), and so S = Or(NNi(S)) ≤W .

If S = Qw,i, then Ni = NN ′i (S) and by (2.12),

NN ′i (W ) = NGLε(Ui)(W ) ∩N ′i ≤ NGLε(Ui)(S) ∩N ′i = Ni,

so that NN ′i (W ) = NNi(W ) and W is radical in N ′i .
(b). Suppose R is a radical subgroup of N(C). By (2.10) and [14, Lemma 2.2],

R = R(0)×
∏v
i=1 R(i), where R(0) and R(i) are radical subgroups of GLε(U0) and

Ni, respectively for all i ≥ 1. By (2A) and part (a) above, R(0) and R(i) are
quasi-radical, so is R. Let D(0) = MGLε(U0)(R(0)) and D(i) = MNi(R(i)). Then
D = D(0)×

∏v
i=1 D(i) = MN(C)(R) and D(0) and D(i) are radical in GLε(U0) and

Ni, respectively. So D is radical in N(C), and the chain C′ defined in (b) is central
radical. Since NN(C)(R) ≤ NN(C)(D), it follows that NN(C)(R) = NNN(C)(D)(R) =
NN(C′)(R).

Finally, if D = Pw, then R(0) = D(0) = 〈1U0〉 and D(i) = Qw,i. By part (a),
each R(i) is radical in N ′i =

⋂w−1
`=1 NGLε(Ui)(Q`,i) for i ≥ 1, so that R is radical in

N(Cw−1), NN(Cw−1)(R) ≤ NN(Cw−1)(D) = N(C) and NN(Cw−1)(R) = NN(C)(R).
This proves (2C).

Remark. Suppose (q, ε, r) = (2,+, 3) and C ∈ MR(G) given by (2.6). Let

P (C) : 1 < P (P1) < P (P2) < . . . < P (Pw)

and CR = CR(G) = {P (C) : C ∈MR(G)}. Then each subgroup of a chain in CR
is a primary subgroup of G, the map C 7→ P (C) is a bijection between MR(G)
and CR and by (2.12), NG(C) = NG(P (C)). Moreover, if E is an extension of G,
then

NE(C) = NE(P (C)).

It follows that we can identify C with P (C) and view CR as a subfamily of R.

(2D). Let G = GLε(n, q) = GLε(V ), B ∈ Blk(G) with defect d(B) ≥ 1, d ≥ 0 an
integer and U ≤ Out(G). Then∑

C∈R/G
(−1)|C|k(N(C), B, d, U) =

∑
C∈CR/G

(−1)|C|k(N(C), B, d, U).

Proof. Let M be the complementary G-invariant subfamily R\CR of CR in R. It
suffices to show that ∑

C∈M/G

(−1)|C|k(N(C), B, d, U) = 0.

Suppose C ∈ M is given by (1.1). Let m = m(C) ≥ 0 be the largest integer such
that Cm ∈ CR and Cm+1 6∈ CR, so that 0 ≤ m ≤ w − 1. Since Pm+1 is radical
in N(Cm), it follows that Pm+1 is quasi-radical, D = MN(Cm)(Pm+1) is radical in
N(Cm), and Pm E D. Define a map ϕ from M to itself such that

ϕ(C) :

{
1 < P1 < . . . < Pm < D < Pm+1 < . . . < Pw if Pm 6= D,
1 < P1 < . . . < Pm−1 < Pm+1 < . . . < Pw if Pm = D.

By (2C), N(C) = N(ϕ(C)), ϕ(ϕ(C)) = C and |ϕ(C)| = |C| ± 1. Since NE(C) =
NE(ϕ(C)) for an extension E of G, (2D) follows.



DADE’S CONJECTURE FOR GLε(n, q) 379

3. More reductions

Let F = Fq be the set of polynomials serving as elementary divisors for all
semisimple elements of G = GLε(n, q). If G = GL(n, q), then F consists of all
monic irreducible polynomials over the field Fq of q elements with non-zero roots.
Suppose G = U(n, q) and let ∆(T ) = Tm + am−1T

m−1 + . . .+ a1T + a0 be a monic
polynomial of Fq2 [T ] with a0 6= 0, and ∆̃(T ) = (a−1

0 )qTm∆q(T−1). Then

F1 = {∆ : ∆ is monic, irreducible,∆ 6= T,∆ = ∆̃},
F2 = {∆∆̃ : ∆ is monic, irreducible,∆ 6= T,∆ 6= ∆̃}

and F = F1 ∪ F2.
A semisimple element s ∈ G has a primary decomposition V =

∑
Γ∈F VΓ, s =∏

Γ∈F sΓ, where each sΓ ∈ GLε(VΓ) has a unique elementary divisor Γ ∈ F of
multiplicity mΓ(s). Let dΓ be the degree of Γ ∈ F , δΓ = dΓ (respectively, εΓ = +)
except when ε = − and Γ ∈ F2 (respectively, Γ ∈ F1), in which case δΓ = 1

2dΓ

(respectively, εΓ = −), and let eΓ be the multiplicative order of εΓqδΓ modulo r.
The Brauer pairs (R, b) of G have been labelled by Broué [4, (3.1)]. This labelling
is by ordered triples (R, s, κ), where s is a semisimple r′-element of the dual group
G∗ of G, and κ =

∏
Γ∈F κΓ is a product of partitions κΓ such that each κΓ is an

eΓ-core. This labelling extends the labelling [10, (5D)], by Fong and Srinivasan for
block B ∈ Blk(G) by ordered pair (s, κ). Since G ' G∗, we may identify G∗ with
G, so that s ∈ G.

Given C ∈ CR with a final subgroup Pw, let CV (C) be the fixed-point subspace
CV (Pw) of Pw in V . Fix an integer m ≥ 1, suppose V decomposes as (2.7) with
dimU1 = me, and let

V (m) = U1, V (m)′ = U0 ⊥ U2 ⊥ · · · ⊥ Uv,
so that V = V (m) ⊥ V (m)′. Set G(m) = GLε(V (m)) and G(m)′ = GLε(V (m)′).

Let X be a primary radical subgroup of G(m) with [V (m), X ] = V (m), and
S(X) the subset of CR(G) consisting of all chains C such that its first non-trivial
subgroup is PX = X × 〈1V (m)′〉. Then

N(C1) = N(PX) = NX ×G(m)′,

where NX = NG(m)(X).

(3A). In the notation above, suppose B ∈ Blk(G) with defect group D(B) 6= 1 such
that m 6= dim[V,D(B) ]. Then∑

C∈S(X)/N(PX)

(−1)|C|k(N(C), B, d, U) = 0(3.1)

for all integers d ≥ 0 and U ≤ Out(G). If m = dim[V,D(B) ], then we may suppose
CV (C) = CV (D(B)) = V (m)′ for C ∈ S(X).

Proof. Let CR(NX × G(m)′) and CR(NX) be the subfamilies of R(NX × G(m)′)
and R(NX), respectively consisting of chains C given by (1.1) with P (Pi) = Pi for
all i ≥ 1. Here we have a similar identification to that in the remark after (2C)
when (q, ε, r) = (2,+, 3). If C ∈ S(X), then C : 1 < PX < P2 < . . . < Pw and
ϕ(C) : PX < P2 < . . . < Pw is a chain of CR(NX×G(m)′), |C| = |ϕ(C)|+1, N(C) =
NNX×G(m)′(ϕ(C)) and ϕ is a bijection between S(X) and CR(NX ×G(m)′).

Let πm and π′ be the projections of N(PX) onto NX and G(m)′, respectively.
Suppose C ∈ CR(NX ×G(m)′) is given by (1.1). Then πm(C) ∈ CR(NX), π′(C) ∈
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CR(G(m)′) and N(C) = NNX (πm(C)) × NG(m)′(π′(C)), where πm(C) and π′(C)
are defined as (1A). Conversely, if C ∈ R(NX×G(m)′) such that πm(C) ∈ CR(NX)
and π′(C) ∈ CR(G(m)′), then by definition, C ∈ CR(NX ×G(m)′).

Given C ∈ S(X), let CX = πm(ϕ(C)) and C′ = π′(ϕ(C)), so C(C) = CNX (CX)×
CG(m)′(C′) and

N(C) = NNX×G(m)′(ϕ(C)) = NNX (CX)×NG(m)′(C′).

Let (s, κ) be the label of B. If b(C) ∈ Blk(N(C)|B), then b(C) = b(C)X × b(C)′,
where b(C)X and b(C)′ are blocks of NNX (CX) and NG(m)′(C′), respectively. Let

bX ∈ Blk(CNX (CX)) and b′ ∈ Blk(CG(m)′(C′)) such that b(C)X = b
NNX (CX)

X and

b(C)′ = b′
NG(m)′ (C

′). If b = bX×b′, then bG = B, so that (Pw, b) is a Brauer B-pair.
Let (Pw, sm × s′m, κm × κ′m) be the label of the pair (Pw, b), where sm ∈ CNX (CX)
and s′m ∈ CG(m)′(C′). By the Broué-Puig theorem, [4, (3.2)], s and sm × s′m
are conjugate in GLε(V ). Since X ≤ Or(CNX (CX)) ≤ D(bX), it follows that
κm = − is the empty set and κ = κ′m. Let Bm and B′m be the blocks of G(m) and
G(m)′ labelled by (sm,−) and (s′m, κ), respectively. Then bG(m)

X = b(C)G(m)
X = Bm

and b′
G(m)′ = b(C)′G(m)′ = B′m. The blocks Bm and B′m depend only on the

decomposition sm × s′m of s in G(m)×G(m)′ and not on the choice of C ∈ S(X).
Let σ′ = σ0 × σ2 × σ3 × . . . × σv and ι′ = ι0 × ι2 × ι3 × . . . × ιv, so that

σ = σ1 × σ′ and ι = ι1 × ι′. Suppose U = 〈γ, ρ〉 ≤ Out(G) = 〈σ, ι〉, where
γ = σ` and ρ = ιi for some integers ` and i. Let γX = σ`1, γ′ = σ′

`, ρX = ιi1,
ρ′ = ι′i, UX = 〈γX , ρX〉 and U ′ = 〈γ′, ρ′〉. Since σ1 and ι1 are field and the inverse-
transpose maps of GLε(V (m)), respectively, we may suppose they stabilize X , so
that σ1, ι1 ∈ Aut(NX). It follows by (1A) (b) that∑

C∈S(X)/N(PX)

(−1)|C|k(N(C), B, d, U)

= −
∑
u+t=d

∑
CX

(−1)|CX|k(NNX (CX), Bm, u, UX)(3.2)

×
∑
C′

(−1)|C
′|k(NG(m)′(C′), B′m, t, U

′),

where CX and C′ run over CR(NX)/NX and CR(G(m)′)/G(m)′, respectively.
Since D(Bm) and D(B′m) can be viewed as Sylow r-subgroups of CG(m)(sm) and

CG(m)′(s′m), respectively, we may suppose

PX ≤ D(Bm)×D(B′m) ≤ D(B).

In addition, we may suppose Z(D(B)) ≤ Z(D(bX))×Z(D(b′)) andD(b′) ≤ D(B′m).
Thus B′m has defect 0 if and only if m = dim[V,D(B) ].

If m 6= dim[V,D(B) ], then m < dim[V,D(B) ] and dimV (m)′ < dimV . If
dimV (m)′ ≤ e, then GLε(V (m)′) has a cyclic Sylow r-subgroup and Dade’s invari-
ant conjecture for B′m follows by [8, Theorem 7.11]. By induction on dimV ,∑

C∈CR(G(m)′)/G(m)′

(−1)|C|k(NG(m)′(C), B′m, t, U
′) = 0

for all integers t ≥ 0. Thus (3.1) follows by (3.2).
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Ifm = dim[V,D(B) ], thenB′m has defect 0, D(B′m) = 1 and V (m)′ = CV (PX) =
CV (D(B)). We may suppose each non-trivial subgroup of a chain C ∈ S(X) is a
subgroup of D(B), so CV (C) = CV (D(B)) = V (m)′. This proves (3A).

Let CR(B) = {C ∈ CR : Blk(N(C)|B) 6= ∅}, and let

CR∗(B) = CR(B)
∖(⋃

X

S(X)
)

and CR∗(G) =
⋃
B CR

∗(B), where PX = X × 〈1CV (PX)〉 runs over primary sub-
groups of G such that dimCV (PX) 6= dimCV (D(B)), and B runs over all blocks
of G with positive defect. If C ∈ CR∗(B), then by (3A), we may suppose CV (C) =
CV (D(B)).

Let χ be an irreducible unipotent character of G = GLε(V ) = GLε(n, q). If
ε = +, then χ is rational and ι induces the dual map on Irr(G), so that ι stabilizes
χ. Similarly, the field automorphism σ also stabilizes χ. If ε = −, then χ is a linear
combination of some RGT (1) with rational coefficients, where each T is a σ-invariant
maximal torus of G. So σ also stabilizes χ. In both cases, χτ = χ for τ ∈ Go 〈σ, ι〉.

Suppose χs,µ is an irreducible character of G labelled by (s, χµ), where χµ is
an irreducible unipotent character of CG(s). If τ ∈ 〈σ, ι〉, then we may suppose τ
stabilizes χµ, χτs,µ is labelled by (sτ , χµ) and so

χτs,µ = χsτ ,µ.(3.3)

In addition, d(χs,µ) = a(G)− a(χs,µ) and a(χs,µ) = a(|G : CG(s)|) + a(χµ). Thus

d(χs,µ) = a(CG(s))− a(χµ) = d(χµ).(3.4)

Let B be a block of G = GLε(V ) labelled by (s, κ), D a defect group of B, V0 =
CV (D) and V+ = [V,D ]. Then D = D0 ×D+ and we may suppose s ∈ CG(D) =
GLε(V0)× C+, where D0 = 〈1V0〉, D+ ≤ G+ = GLε(V+) and C+ = CGLε(V+)(D+).
Thus s = s0 × s+ and we may suppose σ = σ0 × σ+, ι = ι0 × ι+ such that
sσ = sσ0

0 × s
σ+
+ and sι = sι00 × s

ι+
+ , where s0 ∈ GLε(V0) and s+ ∈ C+. Suppose

U ≤ Out(G) = 〈σ, ι〉, so that U = 〈x, ρ〉, where x = σ` and ρ = ιi for some integers
`, i ≥ 0. Let x0 = σ`0, ρ0 = ιi0, x+ = σ`+, ρ+ = ιi+, U0 = 〈x0, ρ0〉 and U+ = 〈x+, ρ+〉.
Then U0 ≤ Out(GLε(V0)) = 〈σ0, ι0〉 and U+ ≤ Out(G+) = 〈σ+, ι+〉.

(3B). In the notation above, let B(0) and B(+) be blocks of G0 = GLε(V0) and G+

labelled by (s0, κ) and (s+,−), respectively. Then there exists a defect preserving
bijection between Irr(B) and Irr(B(+)). Moreover, there exists a bijection ϕ between
CR∗(B) and CR∗(B(+)) such that N(C) = G0×NG+(ϕ(C)) for C ∈ CR∗(B) with
|C| ≥ 1. In addition,

k(N(C), B, d, U) = k(NG+(ϕ(C)), B(+), d, U+)(3.5)

for any integers d ≥ 0 and U ≤ Out(G).

Proof. Let χsy,µ be an irreducible character of Irr(B) labelled by (sy, χµ), where y
is an r-element of CG(s). Then y = 1V0 × y+ for some element y+ ∈ CG+(s+), and
sy =

∏
Γ(sy)Γ and µ =

∏
Γ µΓ, where µΓ is a partition of mΓ(sy). Suppose κΓ and

Q(µΓ) are the eΓ-core and eΓ-quotient of µΓ, respectively. Then κ =
∏

Γ κΓ and µΓ

is uniquely determined by κΓ and Q(µΓ). Let (µΓ)+ be a partition of mΓ(s+y+)
with Q(µΓ) as its eΓ-quotient and − as its eΓ-core, and let µ+ =

∏
Γ(µΓ)+. Then

the character ξs+y+,µ+ of G+ labelled by (s+y+, χµ+) is a character of Irr(B(+))
and each character of Irr(B(+)) is of this form. Define Ψ(ξs+y+,µ+) = χsy,µ. By [10,
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Theorem (7A)], Ψ is a bijection between Irr(B(+)) and Irr(B). In addition, by (3.4)
and the hook-length formula [10, (1.15)], Ψ is defect preserving. If τ = τ0 × τ+ ∈
Out(G) for some τ0 ∈ Out(GLε(V0)) and τ+ ∈ Out(G+), then χτsy,µ = χ(sy)τ ,µ and
ξ
τ+
s+y+,µ+ = ξ(s+y+)τ+ ,µ+ . It follows that

Ψ(ξ)τ = Ψ(ξτ+)

for any τ ∈ 〈σ, ι〉, so that k(G,B, d, U) = k(G+, B(+), d, U+).
Suppose C ∈ CR∗(B) is given by (1.1) with |C| ≥ 1. We may suppose Pt =

〈1V0〉×P+(t) for all t ≥ 1, where P+(t) ≤ G+. Define ϕ(C) : 1 < P+(1) < P+(2) <
. . . < P+(w). Then ϕ(C) ∈ CR∗(B(+)) and N(C) = G0 × NG+(ϕ(C)). Since
Irr(B(0)) has exactly one character of defect 0, it follows that k(G0, B(0), t) = 1 or
0 according to whether t = 0 or t 6= 0. This and a similar proof to that of (1.5)
imply (3.5).

Let B be a block of G = GLε(n, q) = GLε(V ) with defect group D. By (3B),
we may suppose [V,D ] = V , so that n = ue and B is labelled by (s,−). Let
V =

∑
Γ VΓ, s =

∏
Γ sΓ be the primary decomposition of s and L = CG(s) =

∏
Γ LΓ,

where LΓ = GLεΓ(mΓ(s), qδΓ) = CGLε(VΓ)(sΓ). We may choose the decomposition
such that σ and ι stabilizes each VΓ. Thus σ =

∏
Γ σΓ and ι =

∏
Γ ιΓ, where

σΓ and ιΓ induce fields and the inverse-transpose maps on GLε(VΓ), respectively.
Suppose U is a subgroup of Out(G) = 〈σ, ι〉, so that U = 〈x, ρ〉 with x = σ` and
ρ = ιi for some integers `, i ≥ 0. Let xΓ = σ`Γ, ρΓ = ιiΓ and UΓ = 〈xΓ, ρΓ〉. Then
UΓ ≤ Out(GLε(VΓ)) = 〈σΓ, ιΓ〉.

Let πΓ be the natural projection onto VΓ and C ∈ CR∗(B). We may suppose
D is a Sylow r-subgroup of L and each subgroup of C is a subgroup of D. Thus
C is an r-subgroup chain of L. Let YΓ = {πΓ(P`) : 0 ≤ ` ≤ w} and relabel
the subgroups of YΓ such that YΓ = {1 = W0 < W1 < . . . < Ww′}. Define
πΓ(C) : 1 = W0 < W1 < . . . < Ww′ , so that πΓ(C) is an r-subgroup chain of LΓ.

Choose a representative set CR∗(B)/G for the G-orbits in CR∗(B) such that
each chain C ∈ CR∗(B)/G is also an r-subgroup chain of D. Let BL be the block
of L labelled by (s,−). Then BL =

∏
ΓBΓ for some BΓ ∈ Blk(LΓ) labelled by

(sΓ,−).

(3C). In the notation above, suppose L(BΓ) is the set of r-subgroup chains of LΓ

consisting of all LΓ-conjugates of πΓ(C) for all C ∈ CR∗(B)/G. Then∑
C∈CR∗(B)/G

(−1)|C|k(N(C), B, d, U)

=
∑
uΓ

(∏
Γ′

( ∑
C∈L(BΓ′ )/LΓ′

(−1)|C|k(NLΓ′ (C), BΓ′ , uΓ, UΓ′)
))
,

where both Γ and Γ′ run over elementary divisors of s, and uΓ runs over nonnegative
integers such that

∑
Γ uΓ = d.

Proof. Suppose C ∈ CR∗(B)/G has a non-trivial final subgroup Q. Then Q ≤ D ≤
L, Q is a primary subgroup of G and [V,Q ] = V . In addition, CG(Q) and N(Q) are
given by (2.3) and (2.4), respectively, with M0 = CV (Q) = 0. Thus CG(Q) = C(C)
and N(C) ≤ N(Q). Let H = CG(Q) and K = CH(s), so that K = CL(Q).

Suppose BH ∈ Blk(H |B) and BK ∈ Blk(K|B). Then both blocks are labelled
by (s,−), and RHK is a perfect isometry between Irr(BK) and Irr(BH). Let ψsy,µ ∈
Irr(BK), ϕsy,µ′ = RHK(ψsy,µ) ∈ Irr(BH), and let NL(ψsy,µ) and NG(ϕsy,µ′) be the
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stabilizers of ψsy,µ and ϕsy,µ′ in NL(C) and N(C), respectively, where y ∈ D. If z ∈
NL(C) stabilizes ψsy,µ, then sz = s, Kz = K, (RHK)z = RHK , and (ϕsy,µ′)z = ϕsy,µ′ .
Conversely, if z ∈ N(C) stabilizes ϕsy,µ′ , then (sy)z is H-conjugate to sy, so that
szh = s for some h ∈ H . Thus zh ∈ NL(C), (RHK)zh = RHK and (ψsy,µ)zh = ψsy,µ.
It follows that

NG(ϕsy,µ′)/H ' NL(ψsy,µ)/K.

By equalities (2.3) and (2.4), ϕsy,µ′ and ψsy,µ have extensions to NN(Q)(ϕsy,µ′)
and NNL(Q)(ψsy,µ), and so they have extensions to NG(ϕsy,µ′ ) and NL(ψsy,µ),
respectively. Since σ is a field automorphism and ι is the inverse-transpose map,
we may suppose sτ ∈ 〈s〉 and Qτ = Q for τ = σ or ι, so Kτ = K and (RHK)τ = RHK .
Moreover, since we only consider the action of τ on Irr(BH) and Irr(BK), it follows
by (2.4) and (2.5) that we may suppose τ commutes with each element of N(Q)/H
and NL(Q)/K.

Since a defect group of BH is conjugate to a Sylow r-subgroup of CH(s) = K,
it follows that BH and BK have the same defect. Now RHK , IndN(C)

NG(ϕsy,µ′ )
and

IndNL(C)
NL(ψsy,µ) are defect preserving. By Clifford theory, there is a defect preserving

bijection Ψ between Irr(N(C), B) and Irr(NL(C), BL) such that Ψ(χτ ) = Ψ(χ)τ

for each χ ∈ Irr(N(C), B) and τ ∈ Out(G), so

k(N(C), B, d, U) = k(NL(C), BL, d, U).(3.6)

Since L is a regular subgroup of G, RGL is a perfect isometry and (RGL )τ = RGL for
τ ∈ Out(G), so that (3.6) still holds when |C| = 0.

Suppose C ∈ CR∗(B)/G is given by (2.6). For 1 ≤ i ≤ w, let (Pi)Γ =
πΓ(Pi) be the subgroup of LΓ. Then Pi ≤

∏
Γ(Pi)Γ ≤

∏
Γ(Pi+1)Γ and NL(Pi) ≤∏

ΓNLΓ((Pi)Γ).
Let M be the subfamily of CR∗(B) consisting of all G-conjugates of chains

C ∈ CR∗(B)/G such that Pi 6=
∏

Γ(Pi)Γ for some i. Given C ∈ M, let v = v(C)
be the largest integer such that Pv 6=

∏
Γ(Pv)Γ. Let

C : 1 < P1 < . . . < Pv < Pv+1 < . . . < Pw(3.7)

be a chain of M with v = v(C), so that Pv+1 =
∏

Γ(Pv+1)Γ and
∏

Γ(Pv)Γ ≤
Pv+1. Let M0 and M+ be the subfamilies of M consisting of chains C such that∏

Γ(Pv)Γ = Pv+1 and
∏

Γ(Pv)Γ < Pv+1, respectively. If C ∈ M0 is given by (3.7),
then define

g(C) : 1 < P1 < . . . < Pv < Pv+2 < . . . < Pw,

so that g(C) ∈ M+ and NL(C) = NL(g(C)). If C ∈ M+ is given by (3.7), then
define

h(C) : 1 < P1 < . . . < Pv <
∏
Γ

(Pv)Γ < Pv+1 < . . . < Pw,

so that h(C) ∈ M0 and NL(C) = NL(h(C)). In addition, since τ =
∏

Γ τΓ for
each τ ∈ 〈σ, ι〉, it follows that N〈σ,ι〉(C) = N〈σ,ι〉(g(C)) or N〈σ,ι〉(h(C)) according
to whether C ∈M0 or M+. Since gh and hg are identities, it follows that∑

C∈M/L

(−1)|C|k(NL(C), B, d, U) = 0
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for all d and U ≤ 〈σ, ι〉. We may suppose C 6∈ M, so that Pi =
∏

Γ(Pi)Γ for all
i. Thus (3C) follows by (3.6) and the same proof as that of (1A) (b) with some
obvious modifications.

4. The proof of the invariant conjecture

Let Fkq = Fkq (r) be the subset of F = Fq consisting of all polynomials whose
roots have multiplicative order rk. In addition, let Fq(r, a) = F0

q ∪ F1
q ∪ . . . ∪ Faq

and Fq(r) =
⋃
k≥0 Fkq (r). Then F0

q = {T − 1} and by [12, (1) and (2)], |Fq(r, a)| =
1 + (ra − 1)/e and |Fa+i

q | = (ra − ra−1)/e for i ≥ 1 (note that the number e here is
the e′ in [11] and [12]). Moreover, by [11, (1.5)], dΓ = e or eri according to whether
Γ ∈ Fq(r, a)\{T − 1} or Fa+i

q , and each elementary divisor of an r-element is an
element of Fq(r). Following the notation of [12], we write

Fq(r, a) = {∆(0, j) : 0 ≤ j ≤ (ra − 1)/e}, ∆(0, 0) = T − 1,

and for i ≥ 1

Fa+i
q (r) = {∆(i, j) : 1 ≤ j ≤ (ra − ra−1)/e}.

A sequence (wi) = (w0, w1, w2, . . . , w`) of nonnegative integers is called an r-
weight sequence of u if ∑̀

i=0

wir
i = u.

Given such a sequence (wi), let ΩG((wi)) be the subset of Irr(B0) consisting of
irreducible characters χy,µ of G = GLε(ue, q) such that

1+(ra−1)/e∑
j=0

m0,j = w0,

(ra−ra−1)/e∑
j=1

mi,j = wi

for i ≥ 1 and µ =
∏
`,j µ`,j, where m`,j = m∆(`,j)(y) and µ`,j is a partition of m`,j

for all ` and j. As shown in the proof of [12, Proposition 6]

|ΩG((wi))| = k(e + (ra − 1)/e, w0)
∏
i≥1

k((ra − ra−1)/e, wi),(4.1)

where k(s, t) is the number of s-tuples (µ1, . . . , µs) of partitions such that
∑s
j=1 |µj |

= t. Moreover,

Irr(B0) =
⋃
(wi)

ΩG((wi)) (disjoint),(4.2)

where (wi) runs over all r-weight sequences of u. An r-weight sequence (wi) de-
termines a unique partition λ = (λβ0

0 , . . . , λβ`` ) of u, called an r-weight partition,
where λi = ri and βi = wi for all i ≥ 0.

(4A). Let K = GLε(rj , qe), H = GLε(trj , qe) and K o S(t) ≤ H, where j ≥ 0
and t ≥ 1. In addition, let X = {ξ∆ : ∆ ∈ (Fa+j

qe )∗}, where (Fa+j
qe )∗ = Fa+j

qe or
Fqe(r, a) according to whether j ≥ 1 or j = 0, and ξ∆ is the irreducible character
of the principal block B0(K) labelled by (∆, 1). Thus X = Irr(B0(K)) when j =
0. Then there is a defect preserving bijection Ψ between ΩH((wi)) and X o S(t),
where wi = δijt and X o S(t) is defined by (1A). Moreover, Ψ is compatible with
τ ∈ Out(H).
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Proof. If χ = χy,µ ∈ ΩH((wi)), then
∑

∆∈(Fa+j
qe )∗m∆(y) = t and µ =

∏
∆ µ∆,

where µ∆ ` m∆(y). Let ξ ∈ Irr(Kn) such that mξ∆(ξ) = m∆(y), where mξ∆(ξ) is
the multiplicity of ξ∆ in ξ. Then the stabilizer of ξ in K o S(t) is KtS(m) and ξ

has an extension ξ̃ to KtS(m), where

m = (m∆(j,1)(y), . . . ,m∆(j,ra−ra−1)(y))

or (m∆(0,0)(y), . . . ,m∆(0,ra)(y)) according to whether j ≥ 1 or j = 0. Define

Ψ(χ) = IndKoS(t)
KtS(m)(ξ̃φµ),

where φµ =
∏

∆ φµ∆ with φµ∆ the irreducible character of S(m∆(y)) labelled by
µ∆. Since d(χ) = d(χµ), it follows that
d(χ) =

∑
∆

(m∆(y)(a+ j) + a(S(m∆(y)))− a(χµ) = t(a+ j) + a(S(m))− a(χµ).

Similarly, d(Ψ(χ)) = a(KtS(m))− a(ξφµ). But a(ξ) =
∑

∆ m∆(y)a(ξ∆) and

a(ξ∆) = a(|GLε(rj , qe) : GLε(1, qer
j

)|) = rja+ a(S(rj))− (a+ j),

so by [10, (8.5)], d(Ψ(χ)) = t(a+ j) + a(S(m))− a(φµ) = d(χ). Thus Ψ is a defect
preserving bijection between ΩH((wi)) and X o S(t).

If τ ∈ Out(H), then χτy,µ = χyτ ,µ. The base group Kt is uniquely determined
up to conjugacy in H , we may suppose Kτ = K and moreover, we may suppose
[ τ, x ] = 1 for x ∈ S(t), so that Ψ(χ)τ = Ψ(χτ ). This proves (4A).

Let B ∈ Blk(G) with defect group D. By (3B), we may suppose [V,D ] = V and
G = GLε(eu, q). Let C ∈ CR∗(B) be a chain given by (2.6) such that the Sylow
subgroups of C(C) are abelian. Then by (2.10) and (2.11), N(C) = N1 × . . .×Nv
and each

Nk =
∏
i∈I′0

〈
τi,

( ∏
j∈I0

GLε(mj , q
e) o S(wj)

)〉
o S(i),

so that mj ≤ r − 1. Let Q be a Sylow r-subgroup of C(C) and

C∗ : 1 < P1 < . . . < Pw ≤ Q.(4.3)

Then Q = (R1,0,0,0)u and N(C∗) = N∗1 × . . .×N∗v such that for k ≥ 1

N∗k =
∏
i∈I′0

〈
τi,

( ∏
j∈I0

GLε(1, qe) o S(mj) o S(wj)
)〉
o S(i).

(4B). In the notation above, suppose C(C) has an abelian Sylow r-subgroup Q and
B0 = B0(G). Then

k(N(C), B0, d, U) = k(N(C∗), B0, d, U)

for all integers d ≥ 0 and U ≤ Out(G). Moreover, Dade’s invariant conjecture
holds for the principal block with an abelian defect group.

Proof. We may suppose C 6= C∗. Let K = GLε(mj , q
e) and K∗ = GLε(1, qe) o

S(mj). By (4A), there is a defect preserving bijection ψ between Irr(B0(K)) and
Irr(B0(K∗)). Let W = K o S(wj) and W ∗ = K∗ o S(wj). By (1A) (a), there
is a defect preserving bijection Ψ between Irr(B0(W )) and Irr(B0(W ∗)). Since τi
is a field automorphism of GLε(Ui), it follows that we may suppose [ τi, y ] = 1
for each permutation matrix y ∈ GLε(Ui), so that Ψ(χ)τi = Ψ(χτi). Thus Ψ



386 JIANBEI AN

can be extended to a defect preserving bijection Ψ∗ between Irr(B0(N(C))) and
Irr(B0(N(C∗))). Similarly, if τ ∈ Out(G), then we may suppose [ τ, y ] = 1 for
each permutation matrix y ∈ G and [ τ, τi ] = 1 (see the remark after (2.7)). If τ
stabilizes C∗, then Cτ = C. If Cτ = C, then Qτh = Q for some h ∈ C(C). It
follows that Ψ∗(χ)τ = Ψ∗(χτ ) for any χ ∈ Irr(B0(N(C))).

If B0 has an abelian defect group, then C(C) has an abelian Sylow subgroup for
each C ∈ CR∗. Suppose C ∈ CR∗(B0) is given by (2.6). Define ϕ(C) = Cw−1 or
C∗ according to whether C = C∗ or C 6= C∗. Then ϕ(C) ∈ CR∗(B0), ϕ(ϕ(C)) = C
and |ϕ(C)| = |C| ± 1. This implies that∑

C∈CR∗(B0)/G

(−1)|C|k(N(C), B0, d, U) = 0.

This proves (4B).

Let Ru = Ru,0,0,0 be a basic subgroup of G = GLε(eu, q), so that H = CG(Ru) =
GLε(u, qe). If λ = (λβ1

1 , λβ2
2 , . . . , λβ`` ) is a partition of u with λ1 < λ2 < . . . < λ`,

then

Rλ =
∏̀
j=1

(Rλj )
βj(4.4)

is a primary subgroup of G and H , C(Rλ) =
∏`
j=1 GLε(λj , qe)βj and

NH(Rλ) =
∏̀
j=1

GLε(λj , qe) o S(βj).

Conversely, each primary subgroup of G and H with no nonzero fixed-point on the
underlying space is determined by a partition of u.

ForK ≤ G, we denote by CR∗(K) the subfamily ofR(CK(P (Or(K)))) consisting
of the chains C such that each subgroup of C is primary in G. Here we have
the same identification as that of the remark of (2C) when (q, ε, r) = (2,+, 3).
Let CR∗H(λ) be the subfamily of CR∗(H) consisting of all chains C whose first
subgroup is equal to Rλ. If C ∈ CR∗H(λ) is given by (1.1) with Rλ 6= Or(H),
then g(C) : Rλ < P2 < . . . < Pw is a chain of CR∗(NH(Rλ)), |g(C)| = |C| − 1,
NH(C) = NNH(Rλ)(g(C)) and g is a bijection between CR∗H(λ) and CR∗(NH(Rλ)).
We can identify CR∗H(λ) with CR∗(NH(Rλ)).

(4C). Let H = GLε(u, qe) for u ≥ 1. Then Q(H) = CR∗(H) satisfies Hypothesis
(1D) for the principal block B0 = B(H) and it is τ-invariant for each τ ∈ Out(H).
In addition, C0(H) ∈ S(H) such that ΩC0(H)(0) = ∅ or ΩH((δit)) according to
whether u is not a power of r or u = rt.

Proof. If u = 1, then Q(H) = {C0(H)} and by definition, Irr(H,B0) = ΩH((1, 0))
= ΩC0(H)(0). Thus Q1(H) = Q2(H) = ∅ and S(H) = Q(H).

If 1 < u < r, then H has an abelian Sylow r-subgroup. Let Q1(H) = {C ∈
Q(H) : C 6= C∗, |C| 6= 0}, Q2(H) = {C ∈ Q(H) : C = C∗, |C| 6= 1, } and
S(H) = {C0(H), C0(H)∗}, where C∗ is defined by (4.3). Set ΩC0(H)(0) = ∅,
ϕ(C0(H)) = C0(H)∗, ΩC0(H)(ϕ) = ΩH((u, 0)) = Irr(H,B0) and ΩC0(H)∗(0) =
Irr(NH(C0(H)∗), B0). It follows by (4A) and (4B) that Q(H) = Q1(H)∪Q2(H)∪
S(H) satisfies Hypothesis (1D) and is τ -invariant for τ ∈ Out(H).
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Let λ = (λβ0
0 , λβ1

1 , . . . , λβ`` ) be a partition of u such that Rλ 6= Or(H), and let
Ki = GLε(λi, qe) and Wi = GLε(λi, qe) o S(βi) for 1 ≤ i ≤ `. Thus λi < u for all i,
and by induction, Q(Ki) = CR∗(Ki) satisfies Hypothesis (1D) for B0(Ki) and is τ -
invariant for τ ∈ Out(Ki). By (1E),Q(Wi) = CR∗(Wi) andQ(NH(Rλ)) = CR∗H(λ)
both satisfy Hypothesis (1D) for B0(Wi) and B0(NH(Rλ)) and they are τ -invariant
for τ ∈ Out(Wi) and τ ∈ Out(NH(Rλ)), respectively.

Suppose λi is not a power of r for some i. Then ΩC0(Ki)(0) = ∅, ΩC0(Wi)(0) =
ΩC0(Ki)(0)oS(βi) = ∅ and so ΩC0(NH(Rλ))(0) =

∏`
j=0 ΩC0(Wj)(0) = ∅. In particular,

by (1A) (b), ∑
C∈CR∗H(λ)/NH (Rλ)

(−1)|C|k(NH(C), B0, d, U) = 0.

Suppose each λi is a power of r, and we may suppose λi = ri for all i ≥ 0. Thus
(β0, β1, . . . , β`) is an r-weight sequence, ΩC0(Ki)(0) = ΩKi((δji)) and

ΩC0(NH(Rλ))(0) =
∏̀
i=0

ΩKi((δji)) o S(βi).

It follows by (4A) that there is a defect preserving bijection between ΩC0(NH(Rλ))(0)
and ΩH((β0, β1, . . . , β`)), which is compatible with τ ∈ Out(H).

Let ϕλ(C0(H)) be the chain Or(H) < Rλ, ΩC0(H)(0) = ∅ or ΩH((δjt)) according
to whether u is not a power of r or u = rt, and ΩC0(H)(ϕλ) = ΩH((β0, β1, . . . , β`)).
Then

Irr(H,B0) = ΩC0(H)(0)
⋃
λ

ΩC0(H)(ϕλ) (disjoint),

where λ runs over the r-weight partitions of u. Now

CR∗(H) =
⋃
µ

CR∗H(µ) (disjoint),

where µ runs over the partitions of u such that µ is not the partition (u). Thus
Q(H) = CR∗(H) satisfies Hypothesis (1D) for B0(H) and ΩC0(H)(0) given above,
and Q(H) is τ -invariant for τ ∈ Out(H). This completes the proof.

(4D). Let G = GLε(n, q) = GLε(V ) such that Or(G) = 1.
(a) If n = me for some integer m, then∑

C∈CR∗(G)/G

(−1)|C|k(NG(C), B0, d, U) = 0

for any integer d ≥ 0 and any U ≤ Out(G).
(b) Dade’s invariant conjecture holds for each r-block B of G with defect d(B) ≥

1.

Proof. (a) Suppose G = GLε(me, q) and C ∈ CR∗G(λ), where λ = (λβ0
0 , λβ1

1 , . . . ,
λβuu ) is a partition of m. If λi is not a power of r and K = GLε(λi, qe), then by
(4C), CR∗(K) satisfies Hypothesis (1D) and is τ -invariant for each τ ∈ Out(K), so
that ∑

C∈CR∗(K)/K

(−1)|C|k(NK(C), B0, d, UK) = 0,
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where UK ≤ Out(K). If L = 〈τi,GLε(λi, qe)〉, then∑
C∈CR∗(L)/L

(−1)|C|k(NL(C), B0, d, UL) = 0,

for UL ≤ Out(GLε(eλi, q)), since CR∗(L) = CR∗(K) and CR∗(K) is τ -invariant for
each τ ∈ Out(GLε(eλi, q)). Thus by (1E),∑

C∈CR∗(W )/W

(−1)|C|k(NW (C), B0, d, UW ) = 0,

where W = 〈τi,GLε(λi, qe)〉 o S(βi), UW ≤ Out(GLε(eβiλi, q)). By (1A) (b),∑
C∈CR∗G(λ)/NG(Rλ)

(−1)|C|k(NNG(Rλ)(C), B0, d, U) = 0.

We may suppose λi = ri for each i, so that β = (β0, β1, . . . , βu) is an r-weight
sequence. Thus

|ΩG((β0, β1, . . . , βu))| = k(e+ (ra − 1)/e, β0)
u∏
i=1

k((ra − ra−1)/e, βi)

and Irr(B0(G)) =
⋃
β ΩG(β), where β runs over all r-weight sequences. Let Ω2

Ki
=

Irr(B0(Ki))\ΩKi((wi`)), where wi` = δ`i and (wi`) = (wi0, w
i
1, . . . ). We may suppose

[ y, τi ] = 1 for y ∈ Out(GLε(eri, q)). Then by (4C),∑
C∈CR∗(L)/L,|C|6=0

(−1)|C|k(NL(C), B0, d, UL) + k(〈τi,Ω2
Ki〉, d, UL) = 0,

where L = 〈τi,Ki〉, UL ≤ Out(GLε(eri, q)) and 〈τi,Ω2
Ki
〉 denotes the characters of

Irr(L) covering Ω2
Ki

. By (1A) and (1E),∑
C∈CR∗G(λ)/NG(Rλ),|C|6=1

(−1)|C|k(NNG(Rλ)(C), B0, d, U)

= k(
u∏
i=0

(〈τi,Ω2
Ki〉 o S(βi)), d, U).

Therefore ∑
C∈CR∗G(λ)/NG(Rλ)

(−1)|C|k(NNG(Rλ)(C), B0, d, U)

= −k(
u∏
i=1

(〈τi,ΩKi((wi`))〉 o S(βi)), d, U).

Now |ΩKi((wi`))| = ra − ra−1 or ra according to whether i ≥ 1 or i = 0, and
each character of ΩKi((wi`)) is labelled by (∆, 1) for some ∆ ∈ (Fa+i

qe )∗, where
(Fa+i

qe )∗ = Fa+i
qe or Fqe(r, a) according to whether i ≥ 1 or i = 0. Since τi induces

a field automorphism of order e on Ki = GLε(ri, qe), it follows that

|〈τi,ΩKi((wi`))〉| = (ra − ra−1)/e or e+ (ra − 1)/e

according to whether i ≥ 1 or i = 0. If a character χ ∈ 〈τi,ΩKi((wi`))〉 is not
an extension of the trivial character, then χ is labelled by (∆′, 1) for some ∆′ ∈
(Fa+i

q )∗, where (Fa+i
q )∗ is defined similarly as before. It follows from (1A) (a)
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that there exists a defect preserving bijection, compatible with elements of Out(G),
between

u∏
i=0

〈τi,ΩKi((wi`))〉 o S(βi)

and ΩG((β0, β1, . . . , βu)). Thus∑
C∈CR∗G(λ)/NG(Rλ)

(−1)|C|k(NNG(Rλ)(C), B0, d, U)

+ k(ΩG((β0, β1, . . . , βu)), d, U) = 0

for all r-weight partitions λ = (λβ0
0 , . . . , λβuu ) of m. This proves part (a).

(b) If B = B0 = B0(G) is the principal block, then Dade’s invariant conjecture
for B follows by (3B) and part (a) above.

Suppose B 6= B0 and by (3B), we may suppose B is labelled by (s,−). By (3C)
and (1A), we may suppose L = CG(s) = LΓ = GLεΓ(mΓ(s), qδΓ), so that s = sΓ.
Let R = Or(Z(LΓ)) and let C : 1 < P1 < . . . < Pw be a chain of L(BΓ) (see (3C)).

Suppose R = 1, so that r and qδΓ−εΓ are coprime. LetQi = Ωa+αΓ(Or(CLΓ(Pi)))
for all i ≥ 1, where αΓ = a(δΓ). Then

ϕ(C) : 1 < Q1 < . . . < Qw

is a chain of CR∗(LΓ) and NLΓ(C) = NLΓ(ϕ(C)). Since Pi = Ωa(Qi), it follows
that NOut(LΓ)(C, ξ) = NOut(LΓ)(ϕ(C), ξ) for any ξ ∈ Irr(NLΓ(C)), and CR∗(BΓ) =
{ϕ(C) : C ∈ L(BΓ)}. But s ∈ Z(LΓ), so

k(NLΓ(C), BΓ, d, U) = k(NLΓ(C), B0(LΓ), d, U)

for all integers d ≥ 0 and U ≤ Out(LΓ). Thus Dade’s invariant conjecture for BΓ

follows by part (a).
Suppose R 6= 1, so that Ωa(R) ≤ P1. Define

ϕ(C) :

{
1 < Ωa(R) < P1 < . . . < Pw if Ωa(R) 6= P1,

1 < P2 < . . . < Pw if Ωa(R) = P1.

Then ϕ : L(BΓ) → L(BΓ), NLΓ(C) = NLΓ(ϕ(C)), and NOut(LΓ)(C, ξ) =
NOut(LΓ)(ϕ(C), ξ) for any ξ ∈ Irr(NLΓ(C)), |ϕ(C)| = |C| ± 1 and ϕ(ϕ(C)) = C. It
follows that ∑

C∈L(BΓ)/LΓ

(−1)|C|k(NLΓ(C), BΓ, d, U) = 0

for all integers d ≥ 0 and U ≤ Out(LΓ). This completes the proof.
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[5] M. Broué, Isométries parfaites, types de blocs, catégories dérivées. Astérisque 181-182
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